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Abstract—In the cooperative multi-armed bandits problem,
multiple agents cooperatively play the same multi-armed bandit
game. The goal is to develop bandit algorithms with optimal
group and individual regrets and low communication among
agents. Despite extensive prior research, existing algorithms
either cannot achieve time-independent communication costs or
fail to achieve optimal individual regrets. We present a simple
yet effective communication policy for cooperative bandits where
the core algorithmic ideas fundamentally differ from prior work.
That is, the proposed communication policy carefully determines
the sharing frequency of agents’ local observations so that
a certain quality of reward estimates is always maintained
compared to a full cooperation policy. By deriving a separate
lower bound on communication costs of cooperative algorithms,
we show that our algorithms achieve the ultimate optimality
goal: optimal group and individual regrets and time-independent
communication costs.

Index Terms—Distributed learning, multi-Agent multi-armed
bandits, regret, communication cost.

I. INTRODUCTION

ECENTLY, there has been a surge of interest in online
learning in distributed settings, where a set of agents in a
wired/wireless network perform individual learning algorithms
to complete a common task and can cooperate with each
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other to improve the performance of the learning process. Dis-
tributed online learning is naturally motivated by a broad range
of applications in networks where computational resources are
geographically distributed, and machines have to communicate
with each other to complete a common task cooperatively.
Examples include nodes in a network, servers in a data
center, and drones in a swarm (a comprehensive description of
those applications is provided in Section VII). In distributed
online learning settings, agents take actions over time and
receive sequential samples associated with the selected actions.
While the agents can cooperate to speed up the learning
process, it comes at the expense of communication overhead
in sharing sequential samples with others. Hence, distributed
online learning problems involve a natural trade-off between
learning performance and communication overheads.

This paper studies Cooperative Multi-Agent Multi-Armed
Bandit (CMA2B) problems where multiple agents tackle the
same instance of a bandit problem. In the standard setting of
CMA2B, a set of M independent agents present over a time
horizon each pulls an arm at each time from a common set of
K arms. Associated with the arms are mutually independent
sequences of i.i.d. [0, 1]-valued rewards with mean 0 < pu(k) <
1, for arm k£ € K. Each agent has access to all arms: agents
are allowed to pull and receive a reward from any arm without
any reward degradation when pulling the same arm. The goal
of each agent is to learn the best arm, with performance
characterized by group regret and maximum individual regret
according to different application scenarios, where regret
is cumulative reward differences between constantly pulling
the optimal arms and pulling arms by learning algorithms.
In addition to regret, another important metric is the com-
munication overhead that the agents incur in cooperative
learning.

The above CMA2B problem is a natural extension of the
basic MAB problem [1], [7] in a cooperative multi-agent
setting, with extensive recent literature, to name a few [6], [9],
[101, [11], [17], [24], [26], [29], [30], [31], [39], [40], [41],
[47], [49]. In terms of solution design, the prior work could be
categorized into one of two paradigms leader-follower, where a
leader agent coordinates the learning process, and distributed,
where there is no central coordinator.

In the leader-follower paradigm [3], [9], [14], [32], [35],
[36], [37], [41], [42], [44], a leader agent coordinates the
learning process among all agents. The state-of-the-art result
in this paradigm is the DPE2 algorithm proposed in [41],
which achieves the optimal group regret with a constant
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TABLE I
A COMPARISON SUMMARY OF PRIOR LITERATURE AND THIS WORK

Algorithm Group regret Individual regret Communication cost

DPE2 (leader-follower) [41] o>k A;l logT") o>k A;l logT') O(KQMZA;Ifn)

GosInk [10] O, Ay +2M)logT) 0(((z,€A{;1/M) +2)logT) O(logT)

ComEx [30] O, Ay HlogT) O3, Ay HlogT) O(K M logT)

Dec_UCB [49] O, Ay Hlog T) O((X, AL /M) logT) O(MT)

UCB-TCOM [43] O3, A, MogT) O((X, Ay /M) logT) O(K M loglogT)
BatchedMAB [23] O3, A, logT) O((Z, AL /M) logT) O(KMlog A !)
DoE-bandit O(X, Ay TlogT) O((X, Ay /M) logT) O(M Y, logAh)
Communication Lower Bound | — - Q(max{>", log A,:l, M})

number of communication overheads,! Yet, DPE2 (and all
other leader-follower-based algorithms) relies on a structure
where the leader solely pays the exploration costs and incurs
almost all the regret in the system. Hence, by nature, this
paradigm fails to achieve good individual regret since all
regret is imposed on the leader agent. It is worth noting that
in many practical applications, the regret of each agent is
crucial for a system’s overall performance. For example, in a
drone swarm, the failure/misbehavior of a single drone, e.g., it
crashes into other drones, can dramatically degrade the overall
system performance; or in network measurement, the slowest
inference engine determines how fast network parameters, e.g.,
traffic flows and channel bandwidths, are learned.

An alternative approach is to remove the leader as the
central coordinator and design distributed cooperative algo-
rithms without relying on a leader-follower structure. Although
there has been success in achieving optimal group and indi-
vidual regrets for distributed online learning algorithms, they
still fail to achieve low communication overheads, such as
found in leader-follower-based algorithms. Early works in
this space, for example, [8], [46], [47] adopted immediate
broadcasting as their communication scheme, incurring a high
communication cost of O(T). More recent work [10], [31],
[44], improved the communication overhead of cooperative
algorithms to O(logT) by optimizing the use of the com-
munication budget. The state of the art in this line of work
is the UCB-TCOM algorithm [43] that achieves the optimal
individual regret of O(K/M logT) with a communication
cost of O(K M loglogT'). Despite the above efforts, prior to
this work, no existing algorithms, based either on the leader-
follower scheme or not, achieve optimal group and individual
regret with constant communication costs.

In addition to the literature on distributed bandits, works
on batched bandits [16], [18], [22], [23], [33], [48] also
relate to CMA2B. In batched bandits, the time horizon is
separated into several batches of time slots, and the reward
observations of pulling arms during each batch are revealed at
the end of the batch. This scheme is similar to distributed
bandits, where the observations of other agents after the
last communication are only revealed at these agents’ next
communication. Therefore, the batched bandits algorithm can

!Constant communication cost in this paper means it is independent of time
horizon T'.

adapt to our multi-agent bandits setting. The current state-
of-the-art batched algorithm, BatchedMAB [23], requires
O(K log Al ) batches to achieve the near-optimal problem-
dependent regret bound. That is, transferring their algorithms
to the distributed setting leads to O(K M log Al ) communi-
cation costs. In contrast, our work shows that a lower constant
communication cost O (M Y2, solog A;) is enough to
guarantee optimal individual and group regrets, and we prove a
lower communication bound showing that this communication
cost is tight in terms of all factors.

Contributions. This paper presents DoE-bandit, the
first distributed algorithm that achieves the optimal group
and maximum individual regrets with optimal commu-
nication costs (Theorem 2). Specificallyy, DoE-bandit
achieves an O (Z & A,;l log T) group regret and an
O (3,(Ay'/M)log T) maximum individual regret, where
Ay is the gap between the reward of the optimal arm
k* and the arm k. In addition, DoE-bandit achieves
a constant communication cost of O (MY, logA; ).
To show the optimality of the communication cost,
we propose a novel gap-dependent communication lower
bound 2 (max {Zk log A;l, M}) for any CMA2B algo-
rithm that achieves near-optimal group and individual regrets
(Theorem 1). This lower bound shows that the communication
cost of DoE-bandit is tight in terms of all factors. A
summary of our results and the most relevant prior works is
given in Table 1.

To achieve the above results, DoE-bandit leverages a
communication policy called Distributed Online Estimation
(DoE), which is a novel algorithmic contribution of this work.
The key idea behind DoE is to determine the synchronization
frequency of sharing local empirical estimates on arms with
other agents so that the quality of estimates is maintained
compared to full cooperation policy. Full cooperation is equiv-
alent to having a centralized estimator with access to all
samples from all agents. With limited cooperation, individual
agents have access to their locally observed samples, which
can cause intrinsic deviations from the centralized estimator.
DoE measures the deviations precisely and uses them as an
indicator to trigger a communication round. That is, DoE may
urge agents to communicate with others to synchronize the
estimates on the mean of arms once they realize that the
deviation is large. By controlling the deviation in a proper
margin, DoE guarantees the optimal learning performance,
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i.e., the one achievable by the centralized estimator, for
individual agents with low communication cost. By plugging
DoE into an elimination-based bandit algorithm, we derive
DoE-bandit that improves the state-of-the-art results for the
CMA2B problem. Last, we report experiments demonstrating
the improved performance of DoE-bandit compared to all
benchmark algorithms listed in Table I.

The paper is organized as follows: Section II provides
a detailed formulation of the CMA2B problems. Section III
introduces the algorithm DoE and integrates it into a bandit
algorithm. Section IV presents a novel communication lower
bound and upper bounds for communication costs, group
regret, and individual regret, all of which are near-optimal.
Section VI presents simulations that validate the efficacy of
DoE in terms of communication costs, group regret, and
individual regret. Section V offers a detailed proof of the
regret analysis. Section VII discusses potential applications
of CMA2B. Section VIII concludes the paper.

II. PROBLEM DESCRIPTION

Consider a multi-agent stochastic bandit setting with a set
M = {1,..., M} of independent agents existing over the
entire time period from 1 to 7', and a set K := {1,2,...,K}
of arms. Associated with each arm are mutually independent
sequences of i.i.d [0, 1]-valued (e.g., Bernoulli) rewards with
unknown means 0 < p(k) < 1 forarms k € K. Agent m € M
has full access to the set of arms. Agents are allowed to pull
and receive a reward from any arm k from K. For ease of
presentation, we focus on a basic model formulation where
agents reside on a complete graph, incur no communication
delays, and communication is lossless. The basic model and
communication policy proposed in this paper can be extended
to account for these practical additions.

In bandit learning, the goal of each agent m is to learn the
best arm as fast as possible and minimize the (pseudo) regret in
T € NT decision rounds. The expected regret of an agent m is

formally defined as ]E[Rgpm)] = p(k*)T-E {Zle xt(lt(m)) ,

where k* is the optimal arm, It(m) is the action taken by
agent m at round ¢, and xt(It(m)) is the realized reward. Also,
the expectation is taken over the randomness of stochastic
rewards and the algorithms. In a multi-agent setting, the total
performance is measured by the total expected regret of all
agents, defined as

E[Rr]:= Y E [R(Tm)} .

meM

In addition to the group regret, which characterizes overall
performance, the individual performance of each agent is also
important. To capture this individual performance, we measure
the maximum individual regret defined as follows,

E[Ry] :=E | max R™ | .

[ T] |:m€./\/l T

Similar to other distributed learning problems, CMA2B encour-
ages distributed agents to cooperate with each other by
sharing information through messages, which include reward
observations, reward averages, or arm indices. We assume
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any message is communicated within a single time slot.
The total number of messages communicated among agents
quantifies the communication cost. We denote the expected
total communication cost in 7' rounds among M agents as

follows, -
ElCr] =3 Y STE™ (),

t=1 meMkek

where ¢\ (k) := 1{agent m communicates about arm k
at time slot ¢}. The communication cost definition assumes
that each message only contains the information of one arm,
and if the agents want to share information of regarding
multiple arms, they need multiple messages, one for each arm.
We choose this dentition in order to show the tightness of
our communication cost analysis at the arm level, and our
algorithm design and theoretical analysis can be adapted to the
case that one message aggregates information about multiple
arms [11], [43], [46]. On the other hand, the total number
of bits of communication is also of interest in the literature
[37], [41], [44]. One can convert the communication cost in
our definition to the total number of bits of communication.
We sketch one approach for converting communication cost
to number of bits, which only introduces time-independent
prefactors to our communication cost bounds.

III. ALGORITHM

This section presents an algorithm that adds a Distributed
Online Estimation (DoE) subroutine to each learning agent m
and enables them to approximate the estimate of the optimal
centralized algorithm having all samples when estimating the
parameter of a common i.i.d. process. We introduce the DoE
algorithms in Section III-A and then integrate it to a bandit
algorithm in Section III-B. The communication policy DoE is
generic and could be applied to a broad range of cooperative
online learning settings.

A. Distributed Online Estimation Algorithm (DoE)

To facilitate the presentation of the high-level idea of DoE,
let us focus on a simplified setting that involves only one
arm k whose reward mean (k) is unknown to the distributed
agents, where agents sample the process simultaneously in
each slot. Since each agent possesses the same number of
pulls, we denote n;(k) as the number of samples available to
each agent up to time ¢. The idea of DoE is to synchronize
the estimates of distributed agents when the local estimates
deviate substantially from the centralized one with all samples.
By properly configuring DoE, each individual agent needs to
efficiently control the deviation of its local estimates while
incurring low communication costs.

More specifically, during the running time, DoE adopts a
threshold policy to decide whether to trigger a communication
round for agents to synchronize their estimates with all sam-
ples in the system. To decide whether to start a communication
round, each agent maintains the so-called Common Mean
(CM) for the mean over all system-wide available samples in
the last communication round, and simply compare CM with
Auxiliary Local Estimates (ALE, details shown in (1)). The
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value of CM, denoted as ficon (k). is calculated by averaging
all samples up to the last communication round, so, its value is
updated only once at each communication round and remains
unchanged in the subsequent non-communication rounds. At
specific time slots, each agent checks whether the gap between
CM and ALE has exceeded a certain threshold value.

In DoE, all agents share a common threshold value denoted
as ECRy(k), which can be time-varying with the number of
available samples n;(k). If the gap between ALE and CM is
larger than the threshold value, a new communication round is
triggered to synchronize the estimates. By doing so, the sum
of new samples from other agents will be collected, a new
common mean is calculated, and then the agent broadcasts
the new CM to all others.

The threshold value ECR;(k) plays a key role in controlling
estimate deviations and communication overheads. Intuitively,
when the ALEs of each individual agent center around the
common mean, the actual estimates of all agents center around
CM as well. Thus, no communication is needed. Otherwise, a
communication round is triggered to synchronize the estimates
of all agents. Hence, the threshold value determines how
far the estimates deviate from each other during the non-
communication rounds; the smaller the threshold value, the
smaller the deviations, and the closer the local estimates of
agents approach the global mean over all samples. On the
other hand, with smaller threshold values ECR;(k), agents
communicate more frequently with each other. Hence, the
trade-off of estimation performance versus communication
overheads is associated with ECR;(k).

Next, we present the technical details of the DoE algorithm
and show how to construct the estimate interval for each agent
by using local estimates.

Constructing the Auxiliary Local Estimates (ALE). At
a non-communication round ¢, an agent only accesses partial
external samples from others. Below we introduce how an
agent builds up the Auxiliary Local Estimate with missing
samples from others. Note that n;(k) is the number of samples
that an agent has made for arm & under the exploration phase
up to time slot £. Let ¢, denote the last round before ¢ that
the Condition in Line 6 holds, and Xt(m)(k) be the sum of
rewards from n,; (k) samples of agent m at time slot ¢ for arm
k. For agent m, there are n.(k) — n; . (k) missing samples
from any other agents. In DoE, agent m uses local samples
in the same time slot to compensate the missing samples
from other agents to construct ALE, denoted by uZ&TE) (k).
That is

SM X (k) + X (k)

(X" - X" (k)
Mnt(k)

A (k) = (1)

where the term Xt(m)(k) - Xt(:?)t (k) serves as the compensa-
tion for the missing samples from other agents m’ # m from
t1.st to t. In DoE, ALE mimics the estimate of the estimator,
which possesses all Mn;(k) samples and serves as an index
through which the agents decide when to communicate. The
ALE estimates may involve a larger estimation error. Hence,
in addition to ALE, each agent m calculates the local estimate

[Lﬁ"”)(k) to be used in a bandit algorithm using the following

IEEE TRANSACTIONS ON NETWORKING, VOL. 34, 2026

Algorithm 1 DoE: An Algorithm for Estimating the Mean of
Arm k by Agent m, Subscript ¢ Is Dropped
1: Parameters: > 1
2: Initialization: uALE (k), n(k) < 0 ficon(k) « 0,
ECRiaec + 03 X" (k) « 0, X™) (k) « oo, ¥m' €
M,ECR (k) - 0
for each round ¢ when the agent gets a new sample do
n(k) <+ n(k) +1
Update X (™) (k) with the new sample
if SECR(k) < ECR;.: then
ECRyast ¢ ECR(k)
if |37 (k) — ficon(k)| > ECR(K) then
//Communicate to synchronize the
estimates
10: Collect X (™) (k) from other agents and calculate
the new ficon(k)
11: Broadcast the new [i.o (k) to other agents to update
their estimates on arm k
12: X ™) (k) « X (k) for all m' € M
13:  Update yszE)(k) according to Eq. (1) and (™ (k)
according to Eq. (2)

R A

equation.

4 1y — S XL () + (X () = X7 (1)
Mny,,. (k) +ni(k) — ne,,,. (k)

Communication Policy of DoE. Now with the definition
of ALE, we present the communication policy of DoE. The
pseudocode of DoE is summarized in Algorithm 1. To decide

a communication round, an agent m checks the values of

A () and ficono(k) i= (201 X{(8) ) /(M. (K)

every time the specified threshold value ECR(k) reduces to
1/8(B8 > 1) times of the original value ECR; ... (Lines 6, 7).
In DoE, 8 determines how frequently the algorithm checks
those values. Once the deviation of the local estimate /lng) (k)
from the common mean ficon (k) is larger than ECR(k) (Line
8), agent m calls for triggering of a new communication
round. In a communication round triggered by agent m, the
sum of missing samples from the last communication round
t1ast from each other agent will be collected to calculate a
new common mean. Then, this new common mean will be
broadcast to all other agents.

Our analysis in Lemma 1 provided in Section V shows that
DoE provides a provable performance guarantee for the single-
arm-estimation problem (in the form of a confidence interval)
with a tunable trade-off between the estimation quality and
communication overheads. With a richer communication bud-
get, the estimation performance of DoE approaches that of
the optimal estimator with full access to the samples. Since
DoE can provide an explicit confidence interval for the mean
to be estimated, it is straightforward to plug DoE into bandit
algorithms, as exemplified in the next section.

2

B. Integrating DoE to a Bandit Learning Algorithm

In this section, we present a distributed bandit algo-
rithm named DoE-bandit that uses DoE as the underlying
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Algorithm 2 DoE-bandit for Agent m; Subscript ¢t Is
Dropped

1: Parameters: o > 0, 8 > 1,2 < T € Nt; ECR,, n =
1,2,...

2. Initialization: 207 (k) < 0; ECRyasc(k); n(k) < O,
(™ (k), Vi ECR,, < aCR(Mn, 6,), ¥n € N*

3: Pull each arm in the candidate arm set for one time,
n(k) « 1

4: for each round t do

50 kM« argmaxiec fits,, (F)

6: if an arm is eliminated by some other agent then

7

8

9

Update the candidate set by eliminating arm k
if £ mod I' = 0 then
: Choose arm from C with a round-robin manner

10: else

11: Pull arm k™

12: Execute Lines 4- 14 of DoE (Algorithm 1) for com-
municating estimates on arm %k and Execute Line 15
for updating the estimates on arm k

13: Update the candidate set via Eq. (3)

14: Notify other agents if an arm is eliminated

communication policy. We summarize the pseudocode of
DoE-bandit in Algorithm 2.

DoE-bandit is based on active arm elimination, which is
a classic approach to address the well-known tradeoff between
exploration (acquiring new information) and exploitation (opti-
mizing based on available information) in bandit problems.
In this approach, the learner constructs a candidate set for
the arms, which are likely to be optimal, and exploration
is allowed only from the arms in the candidate set. When
exploring the candidate set, the algorithm periodically pulls an
arm and dynamically eliminates the arms which are unlikely to
be optimal. To improve empirical performance, DoE-bandit
adopts a modified exploration strategy for the arms in the
candidate set. Specifically, the algorithm introduces a hyper-
parameter, denoted as I', which controls the proportion of time
slots dedicated to exploring the arm with the empirically best
performance (denoted as k™). This approach ensures that the
algorithm minimizes the number of times sub-optimal arms are
pulled, particularly during the initial stages of the process.

To integrate DoE with the bandit algorithm, we initiate
multiple instances of DoE run by DoE-bandit, each of
which tackles the estimation of a single arm. To implement
the DoE subroutine, each agent notifies others once an arm is
eliminated (Line 16 in Algorithm 2), and pull arm k™2* or
arms in C; by justifying whether ¢ mod I' is equal to zero.
(Line 10), and DoE is able to keep track of the total number of
samples in the system by Mn,(k), where n;(k) is the sample
count in round-robin sampling. The above rules imply that all
agents have a common candidate set, which is denoted by C;.

Constructing the candidate set. To construct the candidate
set, DoE-bandit determines an explicit confidence interval
for the arm reward means. Denote CR(n, d;) as the radius of
the confidence interval for the [0, 1]-valued reward process
with n samples and confidence level 1 — §;, defined as,

3613

CR(n,d;) := 1/logd; ' /2n, where §, specifies the violation

probability that the true mean lies outside the confidence
interval with radius CR. As we mentioned, the threshold value,
ECR¢(k), in DoE determines the deviation of the estimates
in individual agents from the optimal one with all samples.
Hence, to ensure distributed agents achieving the same order
of the convergence rate as the optimal one, we set ECR;(k)
according to the confidence interval with the total of Mn, (k)
samples; therefore, called estimated confidence radius (ECR).
By setting ECR.(k) = aCR(Mn.(k),d;) where o > 0, DoE
yields a confidence interval for the mean of arm %k, whose
radius is (2a8 + B)CR(Mn4(k),0:) (Lemma 1). With the
above result, an arm k is eliminated by agent m from the
candidate set C; at time t if there exist an arm k&’ € C; such
that 2™ (k) + (20 + B)CR(Mny(k), 8,) < ™ (k') — (2a +
B)CR(Mn¢(k'), d;). That is, the candidate arm set C is updated
as follows,

C {keC: maxpee p\™ (K) < ™ (k
+2(2a + B)CR(Mny(k),6¢)}. ()

IV. REGRET AND COMMUNICATION COST OF
DOE-BANDIT

In this section, we summarize the theoretical results. We
start with a novel communication lower bound for CMA2B
in Section IV-A. Then, we analyze the DoE-bandit algo-
rithm, with both regret and communication cost provided.
With those results, we show that DoE-bandit attains near-
optimal guarantees in group and individual regrets as well as
communication costs.

A. Communication and Regret Bounds

In this section, we present a communication lower bound for
the CMA2B model. Our focus is on investigating the necessary
number of communications (lower bound) for any CMA2B
algorithm attaining near-optimal group and individual regrets.
The result is provided in Theorem 1 as follows:

Theorem 1: (Communication Lower Bound) For
any algorithm that achieves the near-optimal group
regret O (Y, Ay'logT)  and  individual  regret

O((X,A,"/M)logT) and for any CMA2B instance,
the algorithm spends a number of communications that is
lower bounded as follows,

E[Cr] = Q (max {Zk:A;po log A;l, M}) .

Theorem 2 summarizes the results for DoE-bandit.

Theorem 2: Set ECR+(k) = amin{1, CR(Mn.(k), §;)} with
a>0,8>1,0<TI <1, then DoE-bandit achieves:

1) (Group Regret)

(24 &) (2a8 + B)? log 67"

E[Rr]< Y

k:Ap>0 Ay
2
+ 0y <3 - r> MA,
k:Ar>0
+2K M3 Y152, 4)

t<s
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2) (Individual Regret)

(2+ 5) (208 + B)%log opt

MA,
+ >

2
(o)
k:Ap>0

+2KM? 18 (5)

t<s

3) (Communication Cost)

42a +1)
k:AR>0
+2KMPT Y 6,/ (6)
t<T
Corollary 1: With the same parameters as Theorem 2 and
setting 0; < 1/(K2?MST?t5),> poE-bandit achieves the
following performance:
(Group Regret)

(2a8 + B)? logT) ’ o

8
E[Rr] <O (ZMPO A

(Maximum Individual Regret)

_ 8(2aB + B)%log T
E [Rr] gO(Zk;Ak>O = MAi- = >> ®)

(Communication Cost)
20+ 1
E[Cr] <0 (me Mlog (m)) - O

B. Discussions

1) Optimality in All Three Metrics: Corollary 1’s (7) and
(8) show that we can recover a O (Y .a,50(1/A%)10gT)
group regret and O (3 ;.a, 50(1/Ax)log T/M) individ-
ual regret for the distributed bandit problem, implying
that the proposed algorithm attains both the (order-) opti-
mal group and maximum individual regrets [43]. In the
meantime, compared with the communication lower bound
Q(max{zk:APOlog A;l,M}) in Theorem 1, the com-
munication upper bound of DoE-bandit in (9), ie.,
O (MY ).a,50log A "), is optimal in terms of both the
agent number M and the summation >, A - log Al

2) Influence of o and f(: Corollary 1’s (9) shows that
communication overheads influence the estimation quality
through parameters « and /3. Generally speaking, /3 specifies
the frequency that DoE checks the deviation of individual esti-
mates, directly upper bounding the communication overheads
for DoE-bandit. Hence, 5 seems to have a larger influence
in the communication overheads bound than a. On the other
hand, o specifies the radius of the estimate interval CR as well
as the threshold for the estimate deviation ECR, which triggers
an actual communication demand.

20One limitation of our result is that the selection of §; for achieving these
near-optimal results requires the knowledge of time horizon 7T'. This is due
to the elimination policy used in our multi-agent algorithm design.
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3) Extension to Other i.I.D. Processes: In DoE-bandit,
the communication overhead on a suboptimal arm k is approx-
imately O(logz(ECR1/ECR7)). The threshold value ECR; is
set based on that of the confidence interval with all samples
(up to a tunable parameter «). For a Bernoulli process, the
mean always lies in [0,1]. Hence, we can set ECR; = 1,
which results in O(log(1/ECR7)) communication overheads.
By slight modification, the DoE-bandit algorithm can tackle
other i.i.d. processes with similar results obtained. For an i.i.d.
process with an unbounded mean, such as the Gaussian pro-
cess, the DoE-bandit may choose to start a communication
round only when the size of the confidence interval shrinks to
O(\/M ). This will not degrade the regret results guaranteed in
Theorem 2, since the algorithm only has to spend on average
O(log T') samples in shrinking the confidence intervals of all
arms, with an increase of O(K logT) regret. On the other
hand, the communication overhead is only O(log(v/M/4;)),
since ECR; can be set to O(v/M).

4) Influence of Delays: With minor modifications to DoE
(detailed in Section A), the DoE-bandit algorithm can
effectively handle deterministic communication delays in a
networked setting where agents communicate solely with
their immediate neighbors via message-passing. Despite these
changes, the algorithm maintains near-optimal group and
individual regret bounds, with only a constant additional cost
that grows linearly with the communication delays (see the
corresponding theorem in Section A).

5) Bit-Wise Communication Upper Bound: In this sub-
section, we present a concise discussion showing that
the total communication bits of DoE-bandit amount to
O (M?*Y, log A, "), increasing a multiplicative M fac-
tor compared to the communication cost upper bound in
Theorem 2, yet still surpassing DPE2’s communication cost
of O(K2M2A2).

Upon closer examination of DoE’s communication bits con-
cerning a fixed arm k, we identify that the primary cost stems
from an agent m initiating communication, gathering other
agents’ observed reward sums X (m)(k:), and subsequently
disseminating the updated mean [ico, (k) (Lines 10 and 11 in
Algorithm 1). We propose a refined communication protocol
inspired by [37, §3.3], along with a proof sketch demonstrating
that the total communication bits under this protocol remain
O(M). With an upper bound of O(M) bits for a single
communication, we consequently establish that the overall
communication bits of DoE amount to O (M 25 log A,:l).

The communication procedure is the same as DoE, expect
for that Lines 10 and 11 of DoE are replaced as follows,

10: Collect the difference of quantized empirical mean since
the last communication ng/)(k) = ,&Em/) (k) —ﬂ(Tm/)(k),

where ﬂ§m') (k) is a quantized version of ﬂgm/)(k) using
O([log ntm/) (k)]) bits and 7 is the last communication
time slot for arm k, from all other agents m’ # m.

11: Agent m broadcasts all agents’ ngl)(k) to all other
agents, and with this new information, all agents

update the approximated global empirical mean ficom (k),
Al (k), and ™ (k).
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First, we illustrate that communicating S§m)(k) requires
only a constant number of bits in expectation. This is due to
the proximity between empirical means ﬂgm)(k) and ,&(Tm)(k:)
(as well as the difference between their quantized versions),
which results in a small S,Em)(k) in expectation. Utilizing
a derivation akin to [37, Appendix E.1], one can ascertain
that the communication overhead for 5t(m)(k) is O(1) in
expectation. Given that Lines 10 and 11 involve all M agents,
this communication process merely necessitates O(M) bits in
expectation.

On the other hand, one also needs to establish that the
quantization error from [ to &t does not fundamentally impact
the final regret bound. This is because the quantization is
adaptive to the sample size, resulting in an error smaller
than the current confidence radius, thereby introducing only
a constant prefactor to the ultimate regret bound.

V. DETAILED PROOFS

We provide detailed proofs of the theoretical results in this
section, including both upper and lower bounds on regrets and
communication costs.

A. Proof for Communication Lower Bound (Theorem 1)

We separately prove the two terms in the maximum oper-
ation at the lower bound. While the (M) communication
lower bound is derived by extending the results of [44,
Theorem 2], the 2 (Zk:Ak>O log A,;l) lower bound’s proof

is novel. We denote ngm)(k) as the accessible observations
for arm k of agent m at time slot ¢. It includes agent
m’s own local observations as well as these received from
other agents via communication on or before time slot t.
The proof is based on three claims: Claim (1) guarantees
that the first communication about arm k& happens on or
before the accessible observations ngm)(k) reaching G'logT
for a constant GG for all agents; Claim (2) shows that, after
a previous communication about arm k, the agent must
make the next communication about arm %k on or before the
number of the accessible observations ngm)(k) is doubled;
Claim (3) (i.e., formula (10) in the full proof) states that,
as the algorithm achieves near-optimal regrets, the accessible
observations for arm k should reach Q(A; ?log T') by the end
of the CMA2B game. Putting these three claims together, we
have 2ECT(MIGlogT > Q (A} *logT), where E[Cr (k)] is
the expected total number of communications about arm k.
Rearranging the inequality yields E[Cr(k)] > Q(logA").
Summing the communication costs over all suboptimal arms
yields the lower bound.

Proof: [Proof of Theorem 1]

We first prove the (Zk:ApOlog A,;l) communication
lower bound. Let us fix a suboptimal arm k. To facilitate
the proof presentation, we denote ngm)(k) as the accessible
number of observations for arm k of agent m at time ¢, where
the “accessible” observations includes the agent’s own local
observations as well as other agents’ observations received
through communications (on or before time slot ¢). We first
prove two key claims by contradiction as follows,
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Claim 1: The initial communication concerning arm k£ must
occur on or before the time slot when the accessible number
of observations of arm £ of all agents reach G'logT for a
universal constant G.

Claim 2: If the algorithm communicates regarding arm k at
a specific time slot ¢, it must have a further communication
on arm k either on or before the time slot when the expected
accessible number of observations of arm & of all agents reach
twice the count recorded at time slot ¢.

Proof: [Proof of Claim 1] If at the initial communi-
cation, all agents’ accessible observations of arm k are
all Q(GlogT) and noticing that all of these observations
are local, the total number of pulls on arm k at time ¢
would be Q(MGlogT), where the M factor contradicts the
near-optimal group regret (without M) that the algorithm
achieves. U

Proof: [Proof of Claim 2] In the communication time slot
t, we assume that agents have a “strongest” communication
(as we are proving a lower bound), meaning that every agent
broadcasts and receives all observations for arm k& up to time
slot ¢, and, therefore, all of their number of accessible obser-
vations n{"™ (k) are equal. So, we have n\"” (k) = n, (k) for
all agents m € M. We note that since the algorithm achieves
near-optimal regrets, we have that E[n.(k)] = Q (1%;21:). After
time slot ¢, if there is no communication till time sll(c)t t’ such
that ng,m)(k) > 2n(k) for all agent m, then all agents more
respectively pull arm k for n{™ (k) —n{"™ (k) > n,(k). Then,
the total number of pulls of arm & between time slots ¢ and ¢’
is at least Q(Mn.(k)) = Q (M%). This M factor on the
number of pulling times of arm & contradicts the near-optimal
group regret that the algorithm achieves. Therefore, there
must exist a communication on arm k between time slots ¢
and ¢'. O

With Claims 1 and 2 and assuming that the algorithm makes
E[Cr (k)] number of communications on arm k, then the
total number of pulls on arm k is at most 2EC€7 (MG log T,
Since the algorithm also achieves the near-optimal regret upper
bound, we have

logT
2E[CT(k)]GlogT >0 ( OAgz > ,
k

which yields the communication lower bound for arm % as
follows,

E[Cr (k)] > Q (log (GZ%)) =Q(log ALY, (10)

Therefore, summing over all suboptimal arms yields the over-
all communication lower bound € (3", A o log A;Y).

Next, we prove another communication lower bound (M),
which, together with the above bound, concludes the proof.
Blow, we prove the bound via contradiction. That is, we start
from assuming the communication is less than cM where c is
a constant.

Denote Y (™) as the number of integers or real numbers that
agent m sends or receives throughout a run. Y ™) is a random
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variable. Since expected communication cost is less than cM,

we have
M
S EY™]<eM

m=1

Denote S as the set of M /2 agents with smaller E[Y (™)],
The expected communication cost of any agent m € S is at
most 2c. For any agent m € S, we have P(Y(™ > 1) <
E[Y(™)] < 2¢, where the first inequality is by Markov’s
inequality. That is, for any of these agents, the probability
of communicating with some agent is less than 2c. Suppose
that agent m is such an agent. Then, we can map the com-
munication protocol to a single-agent algorithm by simulating
the learning process of agent m.

The simulation proceeds as follows: We engage with a
single-agent bandit over a time horizon of 7', executing the
code corresponding to agent m within the specified proto-
col. In the absence of any communication requirements, we
advance to the subsequent line in agent m’s code. However, if
the code initiates message transmission or awaits a message,
we conclude the execution. Throughout the remaining time
steps, we employ a single-agent optimal algorithm, specifically
the one employed to achieve the optimal regret upper bound,
denoted as R7.

Then, if agent m’s code has J probability of involving in
communication, and if agent m’s regret R(Tm) < A (in its
original distributed algorithm design), via this reduction, we
can obtain an algorithm for single-agent MAB with expected
regret

rT<A+6- R

By the regret lower bound result of [25, Theorem 1], we
have
That is,

lim inf
T—oo logT

2(1_5)ZM€
k>1

:uk’hul)

>(1—2e)ZKL(A’“.

(11
k>1 /”‘ka/”'l)

If setting ¢ = 0.0005, then the regret of any agent m in set
S fulfills the above lower bound. So, the total regret is at least

A
> (5-9) M i
L oo logT ~ KL (pg, 1)

lim inf
k>1

me

which contradicts the near-optimal regret upper bound (with-
out the linear dependence on M). Therefore, a CMA2B
algorithm with near-optimal regret requires at least Q(M)
communications. (]

B. Proof of Regret Upper Bounds in Theorem 2

We sketch the high-level proof idea of Theorem 2. The
regret mainly consist of two types, where Type-I represents the
condition that arms are in the confidence interval and Type-II
means that arms are outside the confidence interval. Type-I is
also divided into two parts, where part I is the regret generated
in the exploration and part II is the regret generated in the
exploitation. In Section III, we tailor the elimination-based
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strategy in DoE-bandit such that all agents pull arms in a
synchronized manner. Hence, all agents track the number of
pulls of any arm k by Mn;(k). In this way, CMA2B involves
multiple distributed online estimation problems, each of which
can be solved by DoE separately. By Lemma 1, we show that
the DoE subroutine builds up a confidence interval for the
mean reward of an arm. By applying Lemma 1 to the standard
analysis of our bandit algorithm, we prove the regret bound
in Theorem 2. To prove the communication cost, we highlight
the fact that agents communicate the mean of arm %k only
when the radius of the confidence interval provided by DoE
is larger than Ay /2 (such that the investigated arm remains
in the candidate set). Combining with the rules of DoE that
agents communicate only when the radius of the confidence
interval reduces to 1/ of the previous, we prove the bound
on the communication cost.

1) Step 1: Upper Bound the Estimation Error of DoE: By
running the DoE subroutine, the bandit learning algorithm can
build up a confidence interval for the mean reward of an arm.
In Lemma 1, we provide the estimation performance of DoE
in estimating the mean of an arm. Lemma 1 shows the upper
bound of estimation error of DoE is proportional to the radius
of the confidence interval with system-wide samples.

Lemma 1: Assume M agents independently sample an arm
with an i.i.d. reward process with unknown mean p(k), and
n¢(k) is the available samples for each agent up to time slot
t. With 8 > 1 and ECRy(k) = aCR(Mn(k), d;), where §; €
(0, 1) is a sequence of non-increasing parameters, then, for any
t, with probability 1 — Mtél/ we have |,u(m)( k) —u(k)] <
(2a8 + B)CR(Mny(k), o).

Proof: We prove the lemma by analyzing the following three
cases. Let s denote the last detection point, i.e., the last time
slot (before t) that the condition in Line 6 of Algorithm 2
holds.

Case (1): the agent communicated at the last detection point
s. In this case, the estimate i\ (k) is obtained by averaging
Mng(k) + ni(k) — ns(k) samples. Hence, the following
equation holds with probability 1 — M52,

m (a)
1™ (k) — u(k)| < C

() (c)
< CR[OJ](M’I’LS(]C),KS,&) < CR

Rjo,1)(Mns(k) +ni(k) — ns(k), )
0,1](Mng(k),ds)

(d)

< BCRyo, 1 (Mne(k), 0t),

where the inequality (a) is proved by Hoeffding’s inequality
and union bound (see below), inequality (b) is due to that
the confidence radius CR increases with a smaller number
of samples, inequality (c) is because d; is decreasing with
respect to t and s < t, and the inequality (d) is due to that the
condition in Line 6 is false at time slot ¢.

Then, we present the detailed steps for proving inequality
(a) as Equation (29), shown at the bottom of page 11, where
the equation (al) is due to union bound, and inequality
(a2) is by applying Hoeffding’s inequality.

In this case, the result in Lemma 1 holds.

Case (2): there is no communication at s. Let A be the sum
of samples obtained by agent m if communication happened
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at s. We can infer Equation (12), as shown at the bottom of
the page.
The equation is based on the fact that agent always has the
local samples after s no matter there is communication at s.
Hence,

™ (k)

A
~ Mng(k) + (k) — ny(k) ‘

[ M (WAL () = Y0l X4 (B)|
N (Mng(k) + o (k) —ns(k))

M
- (m) _ 1 x(m")
MALE e(k) Mns(k) m/Z:1 s (k)

(%) 2c CR[OJ] (Mns(k)v 6S(k))
< 2 CR[O)l] (M?’lé(k), 5t(k))
< 208 CR(Mny(k), 6,(k)),

where inequality (a) is because the condition in Line 8 in
Algorithm 1 does not hold at time slot s (since there is no

communication at s). In this case, ’ ﬂé’fgé(k) ugTE)é(k)‘ <
2ECRs(k) = 2aCRy1)(Mns(k),ds) for any agents m and
m'. Also, m Zn]\f,:l Xgm/)(k) averages all samples up
to s, and hence its value lies between min,, ﬂgﬁé)s(k) and
max, ﬂz(g];)g(k), which weight partial local samples with a
factor M to replace missing ones. Combining the two facts
yields inequality (a).

Since A contains the same set of samples as the ugm)(k) in

Case (1), the following equation also holds with probability
1/2,
1— Mté,' "

A
(k) + nie(k) — ns(k)

Combining the above two equations yields that with prob-
ability 1 — Mt5./?,

M- - N(k)‘ < BCRo,1)(Mn¢(k), b¢).

A () = ()] < (20 1)BCR 1 (Mg (k), 5).

As a result, we prove the Lemma 1. O

2) Step 2: Upper Bound the Exploration and Exploita-
tion Regrets: According to the results in Lemma 1, letting
ECR¢(k) = amin{l,CRyj(Mns(k),d;)}, each agent can
attain the order-optimal estimate (up to a constant factor
2a8 + [3) for the mean reward, which slightly degrades the
performance of the bandit algorithm. We prove the regret of
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The complete regret of DoE-bandit could be transformed
into two parts: part I is the regret caused by elimination-based
exploration, and part II is caused by inaccurate exploitation.

a) Regret Bound of Part I: By the regret decomposition
in [27], the individual regret can be written as

K
=" Apnr(k)
k=1

The theorem follows by showing that E[ny (k)] is not too
large for suboptimal arms k, k # k*. From the update of the
candidate arm set (equation (3)) and results in Lemma 1, the
upper bound of the sample count is
8(2a8 + B)*log o7

MA?
This regret of agent m in part I is bounded by

Z 8(2a8 + B)?log 5" Z Ap. (14)

MA
k:AR>0 k k:ARp>0

13)

E[RY")] <

b) Regret Bound of Part II: The decision-making in
this part is mainly based on the experience gained in the
exploration phase (Part I). Since choosing the optimal arm
incurs no regret, we only need to consider the regret from
selecting suboptimal arms. Let 7;(k) denote the number of
times arm k is pulled up to time ¢, independent of Part I. For
convenience, we use T3(k) without the subscript ¢. We then
define the ‘good’ event G, as follows:

Gy
= {pr~ < tfg[l%ll ECR;(K*)} N {fiuy, (k) + ECRy, (k) < g+ },
(15)

where uy, represents that arm k will be played at most uy, times
when event G, occurs. If G, occurs, then arm & will be played
at most uy, times: T3 (k) < ug. So Gy, is the event when fug«
is never underestimated by the upper confidence bound of the
first arm, while at the same time the upper confidence bound
for the mean of arm k after uj observations are taken from
this arm is below the pay-off of the optimal arm.
The sample count T;(k) is bounded by
E[T,(k)] = EI{G}Ty (k)] + E[{ G} T3 (k)]
< ug + P(G})T. (16)

Contrary to the ‘Good’ event Gy, the complement event G¥,
is defined as

= {up > tIél[l]I}] ECR¢(k*)} U {fic(k) + ECR:(k) > pp+ }-

DoE-bandit by using the observation in Lemma 1. a7
(M (k) + ma (k) = s (k)™ (k) = 4|
M
= | (Mna ) () + (X (k) = X0 () ) (Z X (k) + (X0 (k) - X§m><k>)> |
" m’/=1
= ‘Mns( k)sEe (k) — > X (k)| (12)
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For the first term in equation (17), it is decomposed into

{pes > foin fit(K*) + ECRy(K*)}

C U {ug> =

s€(T)

fis (k™) + ECRs (k™) },

ie.,

P > m[l;l] fit (k™) + ECRy ("))

> [i15(k*) + ECR4(K*)}

®
m
sC
—
=
?3
] ~—

fis(k*) + ECRs (k7)) < Os. (18)

s=1

The next step is to bound the probability of the second set
in equation (17). Assume that uy, is chosen large enough that
Aj — ECRy, (k) > cAy, (19)

for some ¢ € (0,1) to be chosen later. Then, since pp+ =
i + Ay, and using the Hoeffding’s inequality, we have

P{fi, (k) + ECRy, (k)
= ]P){ﬂuk (k)

< P ()~ i > ) < oxp

> g}
— pi = Ag — ECRy, (k)}

2 A2
“’“CQAk> . Qo)

Equation (18) gives the probability that arm £* has been
underestimated and Equation (20) gives the probability that
the sub-optimal arm % is overestimated. Combining equations
(18) and (20), we have

2 A2
kCA
E(S—l—ex( 5 )

According to equation (16), we have
T 2 A2
upc A
E[T; (k)] <ur+T (Z(ss + exp (— i 5 k)) )
To minimize the sample count, we choose a suitable uj as

s=1
log 6; " -‘
OM (1 — c)2A2

ey

w.= | (205 +5)

Assuming that §; = T2, the bound of the sample count
Tt (k) is

2

Ty(k) <upp +1+T' T2 (23)
Defining ¢ = 0.5, we have
2(2a83 + B)*log ;!
< .
Ti(k) < MA? +3 (24)
This regret of agent m in part II is bounded by
-1
(m) 2(2a8 + )% log 67
E[Ry ] < Z MA, +3 Z Ap.
k:ARp>0 k:Ap>0
(25)
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Combining equation (14) and equation (25) with suitable
proportions, the totoal regret is

BIR) = IR + (1- 1) BIAT)

(%) Z (2 + %) (2a8 + B)? 10g(5;1
k:Ap>0

MA,
p>

(o-5)a
k:Ar>0

(26)

When an arm is outside the confidence interval, it suffers
regret which is bounded by KM? ZKS tétl 2, Considering
both regrets of Type-I and Type-II, we have

(24 L) (2a+ B)?log 67"

(m)
E <
k:AR>0
+ > (3 - ) A
k:AR>0
+2KM? Y 15,7 Q7

t<s

Substitute equation (27) into the definitions of individual
and group regrets, the proof is completed.

C. Proof of Communication Cost in Theorem 2

We analyze the communication overheads of DoE-bandit
arm by arm. If there is a Type-II decision before 7, we use MT
to upper bound the communication overheads. The expected
communication complexity in this case is then

KEM3TY " to,/.

t<T

(28)

In the following, we focus on Type-I decisions. For any
suboptimal arm & (with Ay > 0), let 7 be the last time that
DoE-bandit pulls the arm k. At 7%, we have

4(2(16 + ﬂ)CR[O,l] (MTLTk (k), 675) 2 Ak

The above equation is proved in the proof of Theorem 2 at
Section V-B. With ECR,, (k) = aCRyg ) (Mn, (k),d;), and

4208 + B)—

Hence, up to time 7, the communications due to arm k is
(recall ECRy (k) = 1)

ECRTk(k) > Ay.

Io ECRq (k) o 42a8 + )
&8 ECR,, (k) &6 al\y :

The expected number of communications by suboptimal

arms is at most
4(2a8 + B)
alAy

For the optimal arm, the number of communications (when
there is no Type-II decision) can be upper bounded by the
largest communication overheads of suboptimal arms. That
is, the number of communications about the optimal arm is
upper bounded by O(logz(1/A)) where the A corresponds to

> log

k:Ap>0
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the smallest non-zero reward gap. That is because when there
are multiple arms in the candidate set, the optimal arm with
others in the candidate set is pulled in a round-robin manner
and incurs the same communication overheads as others in the
set; and when there is only one arm left in the candidate set,
the DoE-bandit stops communication. So, to sum up, the
total communication overheads is upper bounded by

(2 4(2
Z log ( aﬁ+ﬁ))+log6< (0454'5))
alA
k:Ar>0
(2a8 + B)
<2 —_— .
> oy (2
k:AR>0
At each communication time, agents spend totally 3\
messages in collecting messages and synchronize the estimates
in each agent. In addition, DoE may update the candidate
set in agents when an arm is eliminated, that costs another
M(K — 1) messages. Therefore, combined with (28)), the

expected communication overheads of DoE-bandit (the
total number of messages) is upper bounded by (6)).

VI. NUMERICAL RESULTS

This section reports numerical experiments to corroborate
the performance of DoE-bandit. They highlight the advan-
tage of DoE-bandit based on group and individual regrets,
and communication costs over state-of-the-art baselines.

Setups and Baselines. In DoE-bandit algorithm, we set
parameters o« = 1,3 = 3,I' = 0.1 and 6; = 1/72. We run
50 trials of each experiment and plot the means as lines and
their standard deviations as shaded regions. We compare the
regret and communication costs of DoE-bandit to those
of six baselines, ComEx [30], GosInE [10], Dec_UCB [49],
DPE2 [41], UCB-TCOM [43]) and Bat chedMAB [23] outlined
in Table I. We note that some of the baseline algorithms are
developed for a set of agents that are connected through an
underlying graph topology. Hence, to make the comparison
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fair, we consider a complete graph for all algorithms so that
any two agents can communicate. Among these baselines, the
most relevant ones to ours are BatchedMAB and DPE2, as
they also achieve constant communication costs. Especially,
Batched has a parameter A (> 2) that is used to tune its
communication frequency. To make the comparison fair, we
pick both A = 2 and A = 5 in the experiments. All other
baselines’ parameters follow their default choice.

Experimental Results. Figure 1 reports the comparison
results in group regret, individual regret, and communica-
tion costs. Figure la shows that DoE-bandit achieves
the smallest communication costs among all algorithms. The
experiments are conducted with K = 100 arms, M = 50
agents, and 7" = 30K, and each arm is associated with a
Bernoulli distribution with mean randomly taken from the
click-through-rate in Ad—-Clicks [2]. Figure 1b reports the
group regrets of algorithms, where DoE-bandit is not as
good as DPE2, ComEx, and UCB-TCOM. This is because
DoE-bandit is based on the arm-elimination policy and
others are UCB-like algorithms. It is known that with the same
order-wise regret performance, UCB algorithms are empiri-
cally better than elimination ones in general [19, §6]. Figure 1c
reports the maximum individual agent regret. Our algorithm
has a similar performance compared with the UCB-like algo-
rithms. In Figure 1c, ttDPE2—one of the other algorithms with
constant communication cost—suffers poor individual regret
since DPE2 leverages a leader-follower structure, where the
leader agent incurs high individual regret. For both A = 2 and
A = b cases, Bat chedMAB, the other baseline with constant
communication, has relative bad group and individual regret
performance.

In Figure 2, we compare the communication cost of
DoE-bandit to the constant communication cost alternatives
DPE2 and BatchedMAB across various parameter settings.
Three parameters are analyzed: (1) reward gap A between
arms (K = 10 with mean p(k) = 0.09 + kA, M = 5) in

P (1™ (k) = (k)] < CRo, 1y (Mg (k) + (k) = i (K), 60) )

log 6; *

- - (m)
=P |3 (k) — (k)| < \/Q(Mns(k) + ny(k) — ng(k))

log §;

=1=P | "™ (k) = (k)] > \/2 (Mg (1) + na(k) — (1))

= 1—§P 7™ (k) = (k)] > E M, (k) +ny(k) = ns(K) = n

x P (Mns(k) + ni (k) —ns(k) =n)

- (m) 10g(5{1 B _
>1 Z]P’ — (k)] >\ =5 | Mns(k) + na(k) = ns(k) =n

(a2)

> 1—261/2

— Mts}?,

(29)
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Fig. 2. Communications: DoE-bandit vs. DPE2 and BatchedMAB.

Figure 2b; (2) number of agents M (K = 20) in
Figure 2a; and (3) number of arms K (M = 25) in Figure 2c,
where the reward means of Figures 2b and 2c are drawn
from Ad-Clicks [2]. The log-y-axis represents cumulative
communication costs at the end. DoE-bandit consistently
outperforms DPE2 and BatchedMAB in all scenarios, except
for large A, where DPE2 excels. Notably, as A decreases,
DoE-bandit’s communication costs remain stable, con-
trasting with DPE2, which experiences an increase. This is
attributed to DoE—bandit’s superior O(K M log A~!) com-
munication cost compared to DPE2’s O(K2M?2A~2). Lastly,
communication costs for all algorithms rise with increasing M
(Figure 2b) or K (Figure 2c), confirming the dependence on
K and M in their bounds.

VII. RELEVANT APPLICATIONS

In this section, we discuss how our algorithm effectively
addresses challenges in various distributed systems including
drone swarms, networks etc. In each case, our algorithm pro-
vides a robust solution that can improve overall & individual
system performance and achieve low communication costs
independent of time.

Applying CMA2B to Networking: In networking, the multi-
armed bandit (MAB) framework has been widely applied,
such as in link selection [4], [12], to optimize network
performance in dynamic and uncertain environments. The

(b) Vary agent number

Number of Arms K

(c) Vary arm number

core idea behind these applications is to treat each poten-
tial decision—such as the link a TCP flow selects in link
selection—as an “arm” in a multi-armed bandit problem.
The goal is to maximize a specific performance metric (e.g.,
throughput, latency, or packet loss) by selecting the best link
over time, while balancing exploration (trying new links) and
exploitation (favoring the best-performing link based on past
experience).

As an example, we now demonstrate how CMA2B can be
applied to link/channel selection in a network. Nodes within
the network can choose from a variety of communication links
or channels between devices, such as those between nodes in
a wireless network or between a device and an access point.
To optimize packet transmission performance—measured by
metrics like delay and packet loss rate—the nodes aim to
select the most appropriate link or channel for transmitting
data flows. Once a link or channel is deployed, users receive
performance metrics (similar to the arms in a multi-armed
bandit), based on factors such as delay and packet loss rate.
For example, the work in [20] built up a channel access
model aided by cognitive radio.to solve the channel selection
problem in Internet of Things Networks [20]. The model
consists of K available channels, corresponding to the arms
in MAB, and each frame is separated into time slots in
the network. Each channel is assigned the availability prob-
ability pg, which denotes the degree of channel congestion.
Without knowing the prior knowledge on the availabilities,
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the cognitive users adopt the MAB algorithms to learn the
best channel from K channels to send data. Since multiple
users may share common links in a network, it becomes
possible for them to collaboratively learn the optimal link
by sharing information about link performance, which can be
modeled as the CMA2B problem. In this context, both com-
munication cost and individual regret should be considered:
communication costs relate to minimizing the communication
overhead of sharing information (especially in a wireless net-
work where the bandwidth is scarce), while individual regret
ensures that each user has a fair experience when using the
links.

In addition to link selection, there are several other appli-
cations. For instance, in Wi-Fi Access Point Selection [34],
[45], devices use distributed MAB to choose the best AP
from multiple available options. In Cellular Load Balancing
[21], [28], MAB algorithms help balance load across base
stations, enabling devices to switch between them based on
performance data. In Edge and Cloud Computing [13], [15],
distributed MAB can optimize resource allocation by selecting
the best path or server based on latency or load. Due to page
limitations, we will skip the details of these applications.

Applying CMA2B to Drone Swarm: In a drone swarm [5],
[38] (or a fleet of drones), multiple drones work together to
perform tasks such as surveillance, search-and-rescue, pho-
tography, or environmental monitoring. Each drone operates
based on its own planned actions and local observations.

In general, the bandit-based methodology enables drones
to explore and utilize more advanced majority strategies
grounded in realistic probability distributions. These strategies
account for factors such as geographic location, proximity to
the base station, landmarks, and the drones’ available energy.
By leveraging a database (DB) of landmarks and applying
machine learning techniques, as MAB, to drone swarms, this
approach can enhance the overall decision-making process.

For example, various countermeasures can be utilized by a
swarm of uncrewed aerial vehicles (UAVs) to evade ground-
based attacks. However, when confronted with a high volume
of threats, it becomes difficult for the swarm to identify the
countermeasures that will most effectively enhance drone sur-
vivability. The multi-armed bandit framework offers a solution
by guiding the swarm in selecting the optimal countermea-
sures. Various countermeasures that have differing levels of
effectiveness against attacks can be taken as the arms, and
assume that the outcome of whether a drone can evade a
ground attack follows an independent and identically dis-
tributed (i.i.d.) distribution. To identify the most effective
countermeasure, each drone selects and implements a counter-
measure, then collects the outcome as a sample. In a swarm
where drones are capable of wireless communication, they
collaborate to learn the optimal countermeasure by sharing
samples. The performance of the cooperative learning algo-
rithm can be assessed using group regret. Additionally, the
failure or malfunction of a single drone can significantly affect
the performance of the entire swarm. To ensure that each
drone can quickly and effectively learn the optimal policy, the
cooperative learning algorithm is evaluated based on individual
regret as well.

3621

VIII. CONCLUSION

This paper presented DoE-bandit, a fully distributed
algorithm for a multi-agent multi-armed bandits problem.
DoE-bandit achieves the optimal group and individ-
val regret with constant communication overhead. We
also proposed a new communication lower bound match-
ing the constant communication overhead. This implied
DoE-bandit is near-optimal in all three metrics. The theo-
retical claims are verified by numerical experiments and show
that DoE-bandit outperforms prior algorithms.

The core communication policy proposed in this paper
could be further extended in multiple directions. To address
the exploitation-exploration dilemma in bandit learning,
DoE-bandit adopts an elimination-based strategy, but there
also exists other strategy, such as Upper Confidence Bound and
Thompson sampling. As Figure 1 shows UCB-like algorithm
has better regret performance, it is interesting to develop
an UCB/TS-based algorithm which achieves better practical
performance with guaranteeing the same optimal theoretical
results claimed in this work. Second, one can extend the
work to capture more practical concerns, such as considering
an underlying topology for agents, communication delays
between agents, and lossy communication between agents.

APPENDIX
A. Appendix / Extension of DoE-Bandit With Time Delay

In this section, we extend the basic DoE-bandit algo-
rithm to accommodate deterministic communication delays
and transition from a broadcast setting — where each agent
can communicate with all others — to a more realistic
networked setting, where agents can only communicate with
their immediate neighbors. In this communication model, we
allow for message-passing, meaning that agents may for-
ward received messages to their neighbors. We show that
DoE-bandit, with only minor modifications, continues to
achieve near-optimal group and individual regret bounds as
stated in Theorem 2, incurring only a constant additional cost
independent of 7T'.

Let D denote the deterministic delay associated with mes-
sage propagation, which is upper bounded by the diameter
of the network. This delay model can be further generalized
to allow for random delays, as long as the delay remains
bounded by D. Due to this delay, local information from each
agent is not immediately available to others. Consequently, the
effective sample count for each arm increases only when the
corresponding reward observations have been received by all
agents. This ensures that agents can base their decisions on a
consistent set of shared observations. Based on the intuition
above, an extension of DoE-bandit is proposed, which is
Algorithm 3. Compared with the original algorithm, we need
to transmit all agents’ sampling, as well as their sample counts,
to help all agents learn the global information.

Theorem 3: When the communication arm set parameter
a > 0 and buffering-ratio 3 > 1, given all delays of
communication is no greater than D, DoE-bandit attains
a near-optimal group regret upper bound in terms of number
of decision rounds 7', arms K, and agents M, or formally,
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Algorithm 3 DoE-delay: an algorithm for estimating the mean
of arm k by agent m, subscript ¢ is dropped (A fully distributed
network)

1: Parameters: 5 > 1;

2 Initialization: [i{1Y(k), n(k) + 0 ficon(k) « 0,
ECRiaae ¢ 0; X™)(k) « 0, X ) (k) « o0, ¥m' €
Mnu ECRt(k) ~0
for each round ¢ when the agent gets a new sample do

n(k) < n(k)+1
Update X (™) (k) with the new sample
if SECR(k) < ECRy.s: then
ECRyast < ECR(k)
if |87 (k) = ficon (k)] > ECR(k) then
//Communicate to synchronize the
estimates
10: Exchange the sample counts of all arms and their
cumulative rewards with agent m’s neighbors
11: Update the stack of the sample counts and cumu-
lative rewards according to the new messages and
upda/te froom (k)
12: X" (k) « X (k) for all m' € M
13:  Update [LZ(QLE)(k) according to (1) and ("™ (k) accord-
ing to (2)

R e A A

1) (Group Regret)

8(2a8 + B)*log o7"
E <
[Rr]< > AL
k:ARp>0
+2KMPTY 5, + DM Y Ay,
t<T k:Ar>0
2) (Individual Regret)
_ 8(2a8 + B)?log o,
<
E[Rr]< ) VA,
k:AR>0
+2KM*TY 62+ D 3 Ay
t<T k:Ap>0

Proof: The proof procedure of Theorem 2 still applies to
Theorem 3. The only change is that the upper bound of pull-
times should be updated as follows,

S ) € S (k) + D)

k:AR>0 k:Ar>0
® — 8(2a+1)8logs;
< D, 30
> AA? - (30)
k:Ap>0

where inequality (a) is because each agent will sample sub-
optimal arms additional D times compared with the theoretical
counters n(k), and inequality (b) is similar to the proof of
Theorem 2.

With the rest proof the same as Theorem 2’s, the group
regret with time delays is upper bounded as follows

8(2a8 + B)*log 67"
< E
k:Ar>0

+2KM°T Y 62 + DM Y A
t<T k:AR>0
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As the symmetry of DoE-bandit still holds, the individual
regret upper bound immediately follows, O

E[Rr] < Z 8(2aB + B)?log o7

MA,

k:Ap>0

+2KMPTY 6, +D Y Ay
t<T k:Ap>0

By adopting similar parameter setups, we can recover the
results reported in Corollary 1, except for an additional term of
order DM & Ay, which is independent of the T'. In realistic
systems, as D < T, the impact of delays does not dominate
the overall results.
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