Convergence Analysis of the Lion Optimizer
in Centralized and Distributed Settings

Wei Jiang ' 2 Mao Xu?? Wenhao Yang?® Yibo Wang??® Zechao Li' Lijun Zhang?3

Abstract

In this paper, we provide a comprehensive con-
vergence analysis for the Lion optimizer. First,
we establish that the original Lion achieves a con-
vergence rate of O(d'/2T~'/4), where d denotes
the problem dimension and 7" is the iteration num-
ber. To improve this rate, we propose a variance
reduction variant of Lion, which attains an en-
hanced rate of O(d'/?2T~'/3) with the average
smoothness assumption. Then, we extend our
analysis to distributed settings. We demonstrate
that the distributed Lion optimizer and its vari-
ance reduction counterpart achieve linear speedup
with respect to the number of nodes n, yield-
ing convergence rates of O(d'/?(nT)~'/*) and
O(d*/?(nT)~1/3), respectively. Additionally, we
investigate a communication-efficient distributed
Lion variant that utilizes sign compression for
bidirectional communication. By employing un-
biased sign operations, this variant achieves a
T1/45 n1/571/5 B

and its variance-reduced counterpart can further
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duct numerical experiments to validate the effec-
tiveness of the proposed methods.

convergence rate of O (max {

improve the rate to O ( ) Finally, we con-

1. Introduction

The Lion (evolved sign momentum) optimizer (Chen et al.,
2023), introduced by Google through program search, is a
highly efficient optimization algorithm known for its mem-
ory efficiency and strong generalization performance. It has
demonstrated effectiveness across a broad range of tasks,
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including fine-tuning large language models, training dif-
fusion models, and vision-language contrastive learning,
among others. In this paper, we investigate the convergence
properties of the Lion optimizer within the framework of
stochastic optimization, which is formulated as:

min f(x), M
where f : R? — R is a smooth and non-convex function.
We assume that only noisy unbiased gradient estimations
are available, denoted as V f(x; &), where £ represents a
random sample drawn from a stochastic oracle, such that

E[Vf(x8)] = Vf(x).

Although the Lion optimizer exhibits superior empirical
performance, its theoretical properties have not been fully
explored. Previous works (Dong et al., 2024) have derived
a convergence rate of O(d'/2T~1/%), but this result relies
on the additional assumption of function coerciveness. A
similar result was obtained by Sfyraki & Wang (2025), al-
though their analysis depends on large batch sizes and the
theoretical result is derived in terms of the Frank-Wolfe gap
for constrained problems. In contrast, this paper focuses
on the convergence to the stationary point for the uncon-
strained problem (1), in which we establish the convergence
rate of O(d'/?T~'/*) under standard assumptions. Further-
more, by incorporating variance reduction estimators, we
show that the convergence rate can be further improved to
O(d"/?>T~1/3) with a slight modification.

The study of the Lion optimizer extends beyond centralized
settings. However, existing literature on distributed opti-
mization often requires strong additional assumptions to
derive convergence guarantees. Notably, Liu et al. (2024)
analyze the convergence properties for constrained prob-
lems under the assumption of bias correction, which as-
sumes that the expectation of the stochastic gradient and
its sign share the same sign. Additionally, Tang & Chang
(2024) provide convergence guarantees for the FedLion
algorithm but impose the strong assumption of bounded
heterogeneity. In contrast, we aim to provide theoretical
guarantees for the distributed Lion optimizer under stan-
dard assumptions. Specifically, we establish a convergence
rate of O(d'/?(nT)~1/4) for the distributed Lion, where
n denotes the number of nodes in the distributed system.
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Table 1. Summary of convergence rates for the Lion-based algorithms under centralized and distributed settings.

Settings Analysis Convergence Rates Additional Requirements
Dong et al. (2024) O ;11—//1 coerciveness
Centralized Theorem 3.6 @ ;ﬁ—ﬁ -
Theorem 3.7 @ ;{11—//23 average smoothness
Theorem 4.5 @ (n‘%/ 12 73 -
Distributed qt/2
Theorem 4.6 @) CHORE average smoothness
a2 o _d_ -
Theorem 5.3 © Tig N
Distributed O+ 7= -
with 1-bit compression Theorem 5.4 o (max { ;{11//4‘1“ nfﬁ/;(ll/s }) B
Theorem 5.5 @ (;11—//1) average smoothness

By incorporating variance reduction estimators, we further
improve the rate to O(d/?(nT)~'/3), matching the conver-
gence rates obtained in centralized settings.

Furthermore, we explore the communication-efficient vari-
ants of the distributed Lion optimizer. While the original
Lion optimizer utilizes sign operations for updates, its dis-
tributed version can only ensure 1-bit sign compression in
a single communication direction. By employing the sign
operator in both the server and client nodes, we can en-
sure 1-bit sign compression in both directions. For this new

dr/z d )

method, we derive convergence rates of O (W + s
d ) Moreover, by using unbiased sign

1/2
n
and O ( T =+ ni/z
operations in both communication directions, we further im-

di/4 q1/10 })

T1/49 n1/571/5
) for the distributed Lion variant and its vari-

prove the convergence rates to O (max {
qi/4

and O (Tl 73
ance reduction counterpart. In summary, the contributions
of this paper are as follows:

* We establish a convergence rate of O(d'/2T~1/4) for
the Lion optimizer under standard assumptions, with-
out relying on the coerciveness assumption used in
previous work (Dong et al., 2024). Additionally, we
improve this rate to O(d'/>T~1/3) by employing vari-
ance reduction techniques.

In distributed settings, we show that the distributed
Lion optimizer and its variance reduction version
achieve convergence rates of O(d'/?(nT)~'/*) and
O(d'/?(nT)~1/3), respectively, achieving the effect
of linear speedup.

Finally, we introduce communication-efficient vari-
ants of the distributed Lion optimizer, which ensure
1-bit sign compression in both communication direc-

tions. These variants can achieve convergence rates of
J1/2 d 1/2 d
o ( + W) and O (” + W) By employ-

T1/2 T
ing unbiased sign operations in both communication
directions, we further improve the convergence rates

to O (max { a4/ }) and O <d1/4 )

T1/4 n1/571/5 Ti/4
We compare our results with existing methods in Table 1.

2. Related work

This section reviews related work on the theoretical analysis
of the Lion optimizer, stochastic optimization and variance
reduction, and sign-based methods.

2.1. Theoretical analysis of the Lion optimizer

The Lion optimizer (Chen et al., 2023), originally discov-
ered by Google through symbolic program search, has
shown superior performance in training large Al models,
including large language models. It often outperforms
AdamW in terms of both training speed and memory effi-
ciency. Despite its empirical success, the theoretical founda-
tions of Lion were not fully understood until recent studies.
A notable contribution by Chen et al. (2024) demonstrates
that Lion operates as a constrained optimization algorithm,
effectively minimizing a general loss function f(x) subject
to the constraint ||x||o < 1/A. This is achieved through
the incorporation of decoupled weight decay, where A rep-
resents the weight decay coefficient.

Further research (Dong et al., 2024) establishes that the Lion
optimizer converges to Karush-Kuhn-Tucker (KKT) points
at a rate of O(d'/?T~1/%) for constrained optimization
problems, where d represents the problem dimension. This
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convergence result extends to the unconstrained case with
the same rate, under the additional assumption of coercive-
ness of the objective function. Subsequent work by Sfyraki
& Wang (2025) highlights that Lion can be viewed as a
special case of the Stochastic Frank-Wolfe algorithm, es-
tablishing a similar convergence guarantee in terms of the
Frank-Wolfe gap by using large batch sizes.

In the context of distributed optimization, Ishikawa et al.
(2024) integrate quantization techniques into the distributed
Lion, although they do not provide theoretical guarantees
for their approach. While some literature analyzes the con-
vergence properties of distributed variants of Lion, these
studies typically rely on additional assumptions. For in-
stance, Liu et al. (2024) derive convergence guarantees for
constrained problems with the assumption of bias correction,
which requires the expected values of the stochastic gradient
and its sign to align. Additionally, Tang & Chang (2024)
analyze the FedLion algorithm under the strong assumption
of bounded heterogeneity.

2.2. Stochastic optimization and variance reduction

Stochastic optimization has been widely investigated in
the machine learning community, focusing on studying
the convergence properties of algorithms in stochastic set-
tings. It is well-known that the traditional stochastic gra-
dient descent (SGD) method can achieve a convergence
rate of O(T~'/*) (Ghadimi & Lan, 2013), which matches
the lower bound under the standard smoothness assump-
tion (Arjevani et al., 2023). By incorporating past gradients
into the current update, the momentum technique is intro-
duced to accelerate SGD, which helps escape saddle points
faster (Wang et al., 2020), while maintaining the same con-
vergence rate (Liu et al., 2020).

To further improve the convergence rate, variance reduction
techniques have been developed to accelerate convergence
by reducing the variance in gradient estimates. Classical
algorithms include SAG (Roux et al., 2012), SVRG (Zhang
etal., 2013; Johnson & Zhang, 2013), and SARAH (Nguyen
et al., 2017), which achieve improved convergence rates for
convex or strongly convex functions. For non-convex func-
tions, the SPIDER algorithm (Fang et al., 2018) improves
the convergence of SGD to O(T~'/3) under the average
smoothness assumption. This rate can be further improved
to O(n'/*T~1/2) for finite-sum problems, where 7 is the
number of functions in the finite-sum structure. To avoid
the large batch sizes required in the SPIDER algorithm,
Cutkosky & Orabona (2019) propose the STORM method,
which attains the same O(T~'/3) convergence rate with
constant batch sizes. Recent studies also focus on more
complicated stochastic optimization problems such as two-
level optimization (Hu et al., 2019; Yang et al., 2021; Jiang
et al., 2022a; Zhang et al., 2023; Jiang et al., 2026) and

multi-level problems (Balasubramanian et al., 2021; Xiao
et al., 2022; Jiang et al., 2022b; 2024a; Zhang et al., 2024;
Jiang et al., 2025b; Zhang & Gao, 2025), and provide con-
vergence analysis for them.

2.3. Sign-based optimization methods

Sign-based optimization methods, such as SignSGD, have
gained popularity due to their simplicity and communication
efficiency, especially in distributed training scenarios. These
methods update model parameters using only the sign of
the gradient, thereby reducing the amount of data transmit-
ted between nodes. The convergence of SignSGD methods
was first studied by Bernstein et al. (2018; 2019), establish-
ing a convergence rate of O(d'/?T~1/%), where d is the
problem dimension. To avoid the large batch sizes or the
unimodal symmetric noise assumption used in earlier analy-
ses (Bernstein et al., 2018; 2019), later studies (Sun et al.,
2023; Jiang et al., 2025¢) introduce the momentum tech-
nique, achieving a similar convergence rate for SignSGD
under more standard assumptions. This rate was further
improved to O(d'/2T~1/3) by Jiang et al. (2024b), using
variance reduction techniques.

In distributed settings, sign-based methods with majority
voting have also been widely investigated due to their com-
munication efficiency. In homogeneous environments, Bern-
stein et al. (2018; 2019) demonstrate that SignSGD with ma-
jority voting achieves a convergence rate of O(d'/2T—1/%),
For more challenging heterogeneous environments, the MV-
sto-signSGD-SIM method (Sun et al., 2023) achieves a
convergence rate of O (d7~'/4 + dn=1/%), where n repre-
sents the number of nodes in the distributed system. This
rate is further improved to O (dl/QT’l/2 + dn71/2) by
Jiang et al. (2025c¢). To ensure that the gradient norm con-
tinues to decrease as 7' increases, Jin et al. (2021) prove
that Stochastic-Sign SGD can achieve a convergence rate
of O(d3/8T~1/%) in terms of the ly-norm, which is further
improved to O(d'/4T—/*) using the variance reduction es-
timators (Jiang et al., 2024b). More recent studies focus on
different settings, such as [,,-smoothness (Tao et al., 2026),
non-smooth gradient objectives (Yu et al., 2026a), heavy-
tailed noise (Yu et al., 2026b), and second-order gradient
Lipschitz (Sun & Liu, 2026).

3. Convergence analysis for the Lion optimizer

In this section, we first outline the assumptions used in
our analysis throughout this section, followed by the con-
vergence guarantees for the traditional Lion optimizer. To
further accelerate the convergence rate, we introduce a vari-
ance reduction version of the Lion optimizer and present an
improved convergence result.
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3.1. Assumptions

We begin by listing the assumptions required for our analy-
sis, which are standard in the study of convergence rates in
stochastic optimization.

Assumption 3.1. (Smoothness) The objective function f is
L-smooth, i.e., |Vf(x) = Vf(¥)| < L|x -yl -

For the analysis of the Lion optimizer with variance re-
duction, we introduce the following average smoothness
assumption, which is also commonly used in the variance
reduction literature (Nguyen et al., 2017; Fang et al., 2018;
Wang et al., 2019; Cutkosky & Orabona, 2019; Levy et al.,
2021; Li et al., 2021).

Assumption 3.2. (Average smoothness) The stochastic ob-
jective function f(+; &) is L-smooth, satisfying

Ee |[IVF(x;:€) — Vi; O | < L% —y*

Assumption 3.3. The stochastic gradient is unbiased and
its noise is bounded.

E¢ [Vf(x;€)] = V(x),
Ee [[Vf(x:€) = VF)|*| < o2

Assumption 3.4. f. = infy f(x) > —oco and f (x1) —
f« < Ay for the initial solution x;.

Remark: Previous analysis of the Lion optimizer assumes
that the objective function f is coercive, i.e.,

lim f(x) — oo,
llx[| o0

which is not required in our analysis.

3.2. Convergence rate for the traditional Lion optimizer

We first introduce the original Lion optimizer in Algorithm 1
(vl). The Lion optimizer uses momentum estimators to
track the gradient, denoted as v; and m,, and utilizes the
sign operation of v; to compute the updates. The decoupled
weight decay is also incorporated, with A representing the
strength of the decay. In the first time step (t = 1), we
initialize as vi = my = V f(x1;&1). For the update used
in the algorithm, we first present the following lemma.

Lemma 3.5. For the decision variable update X311 = X4 —
7 (sign(vy) + Axy), we can ensure that

T
1 2 2nA||x1 ||?
f;HXtH —x||” < 6n’d + —r

Remark: Using the above lemma in our theoretical analysis
allows us to avoid the coerciveness assumption, which is

typically required in previous literature. This improvement
is due to the more careful analysis in the above lemma.
Next, we provide the guarantee for the Lion optimizer.

Theorem 3.6. Under Assumptions 3.1, 3.3 and 3.4, setting
83 < B < /B, fo = O(TV/2), 5 = O(d~1/2T-3/4),
A= O(dY2T=Y4), and ||x1 ||, < O(1/), the Lion opti-
mizer (vl) ensures that

1

(1+Af+a+L)d1/2>

T
SRSl <0 (AT

=l

Remark: The above result matches the lower bound of
O(T~/*) for stochastic optimization under the standard
smoothness assumption (Arjevani et al., 2023). Compared
to previous work, we achieve this rate without the need
for additional assumptions, such as the coerciveness of the
objective function (Dong et al., 2024).

Dimensional dependence: The d'/? factor arises from
the ¢;-norm analysis and is standard for the ¢; measure.
Existing convergence analyses under the ¢;-norm criterion
and standard /5-smoothness assumptions also exhibit a d'/2
dependence (Liu et al., 2025; Li et al., 2025a;b). Although
the lower bound for /;-norm is not yet established, both
empirical and theoretical evidence suggest that this d'/2
dependence is likely unavoidable.

e Empirical evidence. Prior works (Bernstein et al., 2018;
Li et al., 2025a;b) conducted extensive experiments on
vision and language tasks and observed that the ratio
r = [[Vf(x)|,/|IVf(x)], consistently remains at
the scale ©(v/d). This supports the appearance of the
d'/2 factor with the ¢, norm.

e Theoretical evidence. Jiang et al. (2025a) proves

1/4 d o -\1/2
the first (\/d'LT'“ + V) )

bound for SGD under the ¢;-norm measure. If o;
and L; are uniform across coordinates, such as o; =

o/+/d, L; = L, then the bound simplifies to {2 (Tl—\//i) ,

lower

which confirms that the d'/2 factor is inherent in the
£1-norm setting.

3.3. Lion optimizer with variance reduction

While the O(T~'/*) convergence rate is optimal under stan-
dard smoothness assumption, it is well-known that this rate
can be further improved using the average smoothness con-
dition (Fang et al., 2018; Wang et al., 2019; Cutkosky &
Orabona, 2019). In this subsection, we introduce the Lion
optimizer with variance reduction (Lion-VR) to achieve a
faster convergence rate.

Note that the traditional Lion optimizer uses two different
momentum-based estimators v; and m, to track the gradient.
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Algorithm 1 Lion (v1: original version, v2: variance reduction version.)

1: Input: Momentum parameters /31, 32, v, learning rate 7, weight decay parameter \.

2: for time stept = 1to 7T do
3:  Update v; = (1 — B1)my_1 + 1V f(x4; &)

4:  (vl)Update m; = (1 — Bo)my_1 + B2V f(x4; &)

50 (v2)Update my = (1 — Bo)my_y1 + BoV (x4 &) +7 (V (x5 &) — VF(xe-1:6))
6:  Update x;11 = x¢ — ) (sign(vy) + Axy)

7: end for

For our Lion-VR method, we modify the m; estimator us-
ing the variance reduction technique STORM (Cutkosky &
Orabona, 2019). Specifically, for the first time step (t = 1),

. I 1 By %
we simply initialize as vi = my = 5-3 7.7 V f(x1;£1),
where By = O(T'/?) is the batch size only used in the
initial iteration. For other iterations, we use

m; =(1— Ba)my_1 + B2V f(x4; &)
+ 9 (Vf(xe:6) — V(xe-15€)) -

The difference lies in the last term, which ensures that the
estimation error E {HV f(xe) — vy ||2} decays more rapidly
over time. This newly proposed algorithm is outlined in
Algorithm 1 (v2), named Lion-VR, with the modification
appearing in step 5. We now establish the improved conver-
gence guarantee for this method in the following theorem.

Theorem 3.7. Under Assumptions 3.2, 3.3 and 3.4, by
setting B < 1 < \/Ba, B2 = O(T73), v = 1 — B,
n=0(d"2T=2/3), By = O(T'/?), x = O(d'/?T~1/3),
and that ||x1|| ., < O(1/X), the Lion-VR optimizer ensures

(1+Ap+o0+L)d/?
T1/3 :

;iﬂﬂ[wxmm <o

Remark: The Lion-VR method achieves a better conver-
gence rate of O(T~1/3), which matches the optimal bound
for stochastic optimization under the average smoothness
assumption (Li et al., 2021; Arjevani et al., 2023).

4. Convergence analysis for distributed Lion

In this section, we investigate the convergence of the Lion
optimizer in distributed settings. We first introduce the
problem setup and the assumptions used, followed by the
distributed Lion optimizer and its variance reduction version,
along with their corresponding convergence guarantees.

4.1. Problem setup and assumptions

We consider the following distributed learning problem:

nia A 2
[ .

where D, denotes the data distribution on node j, and f;(x)
is the corresponding loss function. Unlike the homogeneous
setting, where the data distribution D; and the loss function
f; are assumed to be identical across nodes, we investigate
the more challenging heterogeneous setting, where the data
and loss functions on each node can differ significantly.

Next, we list the assumptions used in our analysis, which
are very similar to those used in the centralized settings.

Assumption 4.1. (Smoothness) The objective function on
each node is L-smooth, such that

IVfix) = VI < Lix -yl

For the variance reduction version of the Lion optimizer,
we use the average smoothness assumption instead of the
smoothness assumption.

Assumption 4.2. (Average smoothness) The stochastic ob-
jective function on each node is L-smooth such that

Ee [IV£(66) = V(01| < Lx - y|%

Assumption 4.3. The stochastic gradient on each node is
unbiased, and its noise is bounded, such that

Ee [V (x:0)] = V[ (x),
Ee [IV£(66) = V)IP] < 02

Assumption 4.4. f, = infy f(x) > —oc and f(x1) —
f« < Ay for the initial solution x;.

4.2. Distributed Lion optimizers and their convergence
guarantees

In the distributed setting, we first compute the momentum
estimators v{ and my] on each node j (For the first time step,
ie, t = 1, we initialize m{ = vi = V f(x1;£])). Then,
the parameter server collects each gradient estimator v;
from the nodes and computes v; = Z?Zl v7. This vector
sign(vy) is then sent back to each node, which uses it to

update the mode‘I parameters (Note that sign(3_7_, v{) and

sign(% Z?Zl v7) are equivalent). The complete algorithm

is outlined in Algorithm 2 (v1), referred to as the distributed
Lion (Dis-Lion) optimizer. Next, we provide the theoretical
guarantees for this algorithm.
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Algorithm 2 Distributed Lion Optimizer

1: Input: Momentum parameters /31, 32, Y1, V2, learning rate n), weight decay parameter .

2: for time stept = 1to 7T do
3:  fornode j = 1tondo

4 (v1) Update v = (1- Bl)mt 1+ 61V (Xt,ft)

5: Update m? = (1 — ﬂg)mt_l + B2V f; (xt,gt)

6 (v2) Update v{ = (1 — f1)mj_, + B1V f;(x¢; &)+ (ij(xt;fi) = Vfj(xi-1; fg))
7: Update m = (1= Bo)mi_, + BV f;(xi: &) +72 (Vi (x:6) = Vfi(x01:6)
8: Compute v; = Z;‘Zl v{ # collect and share to all nodes
o: Update x; 1 = x; — 1 (sign(vy) + Axy)

10:  end for

11: end for

Theorem 4.5. Under Assumptions 4.1, 4.3 and 4.4, by
setting that T > n, B3 < By < /B2, B2 = O(n'/2T1/2),
n= 0(n1/4d—1/2T_3/4), A< O(n_1/4d1/2T_1/4), and
Ix1]| o, < O(1/N), distributed Lion optimizer (v1) ensures

1 « (
F 2 EIvI )l <0 (

1+ Af+o0+L)d'/?
(nT)1/4

To improve the convergence rate using the average smooth-
ness assumption, we further introduce the variance reduc-
tion technique into the momentum estimators m; and v;.
Similar to the centralized setting, we apply the STORM
estimator on each node j. For the ﬁrst time step (¢ = 1),
we simply initialize v] = mj = ZZ L V(x1;E),

where By = O(n=2/3T"/3) is the batch size only used in
the first iteration. For other iterations, we employ

=(1 = Bo)m]_, + 1V fi(x: )

+ ™ (ij(xt;ﬁ) - ij(’ﬁf—l%fﬁ)) ,
=(1 = Boa)m]_, + BV fi(x4: &)

+ 72 (ij(xt;ﬁf) - ij(xt—l;fg)> .

The resulting algorithm is outlined in Algorithm 2 (v2),
referred to as Dis-Lion-VR, with the modification appearing
in steps 6 and 7. Then, we present the improved convergence
rate for this method.

Theorem 4.6. Under Assumptions 4.2, 4.3 and 4.4, setting
B1 < VB2 B2=0OMmY3T2/3), 4y =1 - B, 70 =1—
ﬁ2, n = O( 1/3d I/QT_2/3), A = O(n_1/3d1/2T_1/3),
By = O(n=23TY3), T > n? and ||x1||, < O(1/N), the
distributed Lion optimizer (v2) ensures

T (L+ Ao+ 1)d'/?
T;E[va(xt)”ﬂ SO( (nT)1/3 )

Linear speedup Theorems 4.5 and 4.6 establish rates
of O(d'/?/(nT)Y*) and O(d"/?/(nT)'/3), respectively.

Therefore, to achieve an e-stationary point, the required iter-
ation number T scales as O(d?/(ne*)) and O(d*/?/(ne?)),
which is a factor-n reduction when n workers are used.

5. Communication-efficient distributed Lion

In the previous section, we note that the distributed Lion op-
timizer is communication-efficient, as the information sent
back to each node is 1-bit sign information (e.g., sign(v;)).
However, during the update, each node must send the gradi-
ent estimator v to the parameter server, which is no longer
1-bit sign information. As a result, a natural question arises:
can each node send only the sign information of v to the
server, thereby reducing communication cost even further?
In this section, we investigate the distributed Lion optimizer
with 1-bit sign compression in both directions.

The most straightforward approach is to apply the sign oper-
ation twice, leading to the following update rule:

1 « ,

- ; J

- sig(v})
Jj=1

However, the sign operation is a biased estimator, and apply-
ing it twice may introduce significant estimation error. To
mitigate this, we use the following unbiased sign operation,
which is widely adopted in previous sign-based optimization
algorithms (Jin et al., 2021; Sun et al., 2023).

Definition 5.1. For any vector v with ||v|. < R, the
unbiased sign operation Sg(v) is defined as:

X¢p1 = X¢ — 1) | sign + Axy

R-‘r [V] k

with probability
R= [v] 3

1
Sk(V)]k =14
[Sk(V)]k {—L with probability

Remark: This operation provides an unbiased estimation

of %, such that E[Sg(v)] = %.

Note that the unbiased sign operation requires the input
vector to be bounded. Therefore, we have to assume the fol-
lowing bounded gradients condition in this section, which is
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Algorithm 3 Communication-efficient Distributed Lion Optimizer

1: Input: Momentum parameters (31, (2, learning rate 7, weight decay parameter .

2: for time stept = 1to 7T do
3:  fornode j = 1tondo
Compute v] = (1 - Bl)mt 1+ 61ij(xt,§t)

A A

Compute v¢ = 1 i @ (v])
Update x4 11 = x; — 1 (Q2(vy) + Ax¢)
9: end for

10: end for

(v1) Update m = (1 — fa)mi_; + 5V f;(xs; €]) |
(v2) Update m] = (1 — B2)m]_, + 8oV f; (xs5 &) )+7 (Vfg (x5¢]) — ij(xtfuﬁg))

# Collect and share to all nodes

also used in previous sign-based distributed algorithms (Jin
etal., 2021; Sun et al., 2023).

Assumption 5.2. For each node j € [n], we assume that
the gradient of the loss function is bounded, i.e.,

sup [V fj(x:§)[lec < G.

Remark: It is important to emphasize that this assumption
is needed only to construct the unbiased sign operator Sg(v).
This similar sign operator has also been widely used in
prior work on distributed bidirectional sign optimization (Jin
etal., 2021; Sun et al., 2023), where bounded gradients are
also assumed. However, we can also incorporate the more
general compression methods (Philippenko & Dieuleveut,
2021; Gruntkowska et al., 2023) to remove this assumption.

Next, we introduce the proposed algorithm. Most steps are
similar to those in Algorithm 2, with the key difference
being in the parameter update, where we now use:

X1 =% — 1 | Q2 + x|,

S @)
j=1

where ()1 and Q- represent the sign or unbiased sign oper-
ation, which may vary depending on the specific theorem.
The complete algorithm is described in Algorithm 3 (v1).
Note that, for the first iteration (! = 1), we initialize as
vi=m] = Vf;(x1;£).

Now, we present the convergence guarantees for the pro-
posed algorithm. In the first version, we use the tradi-
tional sign operation on the server, i.e., Q2(-) = sign(:),
and employ the unbiased sign on each node, such that
Q1(-) = Sg(+), where S(-) equals Sg(-) with R = G.
In this case, we establish the following convergence results.

Theorem 5.3. Under Assumptions 4.1, 4.3, 4.4 and 5.2,
by setting 33 < 1 < /Ba, B2 = 3, Q1(-) = Sc(*), and

Q2(+) = sign(-), we can obtain the following convergence
guarantees:

e Setting n = O (T*1/2d71/2), A=0O (d1/2T71/2)’

and ||x1]|,, < O(A™1), Algorithm 3 (vI) ensures:
T
7 Z [1V£ (xe)l]
(1+A;+L)d’? (1+G+o)d
T1/2 nl/2 :

e Settingn = O (n=1/2), A = O (n'/?2T71), < ||
T and ||x1]|, < O(A™1), Algorithm 3 (v1) ensures:

T
fz (175 (x)1]

1/2
SO<( JrAf;rL)n

(14+G+o+L)d
nl/2 :

Remark: By adjusting the learning rate, we obtain the two
convergence guarantees above. The second one is preferable
when n < T'd. This theorem shows that the gradient [; -
norm can quickly converge to O ().

However, the above rate has an error floor of O( z) and
can not converge to zero as 7" increases. In many scenarios,
we would like the upper bound on the averaged gradient
norm to decrease to zero as ' — oo. To achieve this,
we further apply an unbiased sign operation on the server,
setting Q2(-) = S1(+), where S1(-) equals Sg(-) with R =
1. Note that the Sy (-) operation is Vahd because the input is
the average of the sign information 1 3" =1 @1 (v1), which
lies within [—1, 1]. With this modlﬁcatlon we obtain the
following convergence guarantee.

Theorem 5.4. Under Assumptions 4.1, 4.3, 4.4 and 5.2,
by setting that n = O (min {W’ T‘S/ii;dl/o}) B3 <

< VB iy = O, A < ()
Q1() = Sa (), Q2() = $1(), T = m, and [[xi]| o, < 1T,
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Algorithm 3 (v1) ensures:

Lz
f;E[HVf(Xt)Hﬂ

d1/4
<0 <\/LG—|— L? + o2 —|—AfG> max{

Remark: The above rate can converge to zero as the it-
eration number 7" — oo, ensuring that the gradient norm
becomes smaller as 7" increases.

Next, we apply the variance reduction technique along with
the average smoothness assumption to further improve the
convergence rate. The only modification is that we use the
STORM estimator m! in step 6. The updated algorithm is
described in Algorithm 3 (v2). We now present the conver-
gence guarantee for this improved method.

Theorem 5.5. Under Assumptions 4.2, 4.3, 4.4 and 5.2,
setting By < B1 < /B2 P2 = O(ﬁ) v =1-=7p,
N = O (grprs), A = O (dAT71), Qi () = Sa(),
Q2() = S1(-), and that ||x1 |, < O (d=1/2T1/?), Algo-
rithm 3 (v2) ensures:

1 T
thzl]E[HVf(Xt)Hﬂ

d1/4

Comparison: To ensure & S E[||[Vf(x¢)|2] < ¢, our
analysis indicates a sample complexity of O (de~*). Com-
pared with other sign-based methods, Jin et al. (2021)
require a sample complexity of O(d?¢~%) and Sun et al.
(2023) obtain the complexity O(d*e~*) with requiring n =
O(d?e2). Furthermore, by directly assuming the existence
of an unbiased sign operator C, Gruntkowska et al. (2023)
obtain the rate O(we~*) without requiring the bounded gra-
dient. If we also assume this operator C, we can replace the
sign operator Sg(v) in our paper with such C'. For example,
if weuse X411 =x¢ — 1) (C’ (% Z;‘L:1 C(vi)) + )\Xt), in
our Algorithm 3, we ensure the same O(de~*) convergence
rate for Theorem 5.5. In this case, since Sg(v) is no longer
needed, the bounded-gradient assumption can be removed
directly. Also, one advantage of this combination is that we
do not require the E[||C/(x) — x||*] < w ||x]||* assumption
as required by Gruntkowska et al. (2023), which can include
more unbiased compressors.

6. Experiments

In this section, we empirically validate the effectiveness of
the proposed methods in both centralized and distributed
settings. Specifically, we evaluate the performance of our

dl/lO
T1/4° p1/571/5 } :

algorithms on image classification tasks using the ImageNet
dataset (Deng et al., 2009). All experiments are conducted
on eight NVIDIA GeForce RTX 3090 GPUs.

6.1. Centralized setting

We train ResNet-50 (He et al., 2016) and ViT-S (Dosovit-
skiy et al., 2021) models on the ImageNet dataset. For the
ViT-S architecture, we also evaluate a variant that incor-
porates MixUp (Zhang et al., 2018) and RandAug (Cubuk
et al., 2020) data augmentations. We compare our pro-
posed methods with the original Lion optimizer (Chen
et al., 2023) and AdamW (Loshchilov & Hutter, 2019),
which is widely used as the standard optimizer for many
tasks. For hyperparameter tuning, we search the momentum
parameters within the range {le—1,1e—2,1e—3} (Note
that our notation $; and (2 correspond to 1 — (3 and
1 — By for Adam and the original Lion. This is equiva-
lent to searching 5 and f2 in {0.9,0.99,0.999} with tra-
ditional notations). The learning rate is searched from the
set {le—2,3e—3,1e—3,3e—4,1le—4} and the weight de-
cay parameter is tuned within {1, le—1, le—2}.

The results are reported in Table 2 and Figure 1. Our Lion-
VR method outperforms baselines across all configurations.
Specifically, Lion-VR improves upon AdamW (+0.44%)
and Lion (+0.46%) on ResNet-50. For ViT-S without aug-
mentation, Lion-VR achieves a 0.33% improvement over
Lion and a 0.46% improvement over AdamW. When Ran-
dAug and MixUp augmentations are applied, Lion-VR main-
tains its advantage, providing a 0.12% improvement over
Lion and a 0.78% improvement over AdamW. These results
demonstrate that incorporating variance reduction into the
Lion optimizer leads to empirical gains.

Table 2. Accuracy (%) on ImageNet in the centralized setting.

- RandAug

Model Optimizer +MixUp Accuracy(%)
AdamW 76.03£0.31

Lion - 76.01+0.22

ResNet-50 1 jon-VR 76.47:0.16
AdamW 75.88+0.11

Lion X 76.011+0.09

VIT-S Lion-VR 76.34+0.10
AdamW 78.35+0.06

Lion v 79.011+0.08

Lion-VR 79.13+£0.09

6.2. Distributed setting

In the distributed setting, we train ResNet and ViT models
across 4 nodes. We compare these algorithms: (1) the
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Figure 1. Accuracy curves on ImageNet in the centralized setting for ResNet-50 (left), ViT-S without data augmentation (middle), and

ViT-S with RandAug+MixUp (right).
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Figure 2. Accuracy curves on ImageNet in the distributed setting for ResNet-50 (left), ViT-S without data augmentation (middle), and

VIiT-S with RandAug+MixUp (right).

baseline distributed SGD (Dis-SGD) and AdamW (Dis-
AdamW), (2) distributed Lion (Dis-Lion, Algorithm 2-
v1), (3) our variance-reduced variant (Dis-Lion-VR, Algo-
rithm 2-v2), and (4) its communication-efficient counterpart
with bidirectional sign compression (Dis-Lion-VR-CE, Al-
gorithm 3-v2). Hyperparameters are tuned using the same
search grids as in the centralized setting.

Table 3. Accuracy (%) on ImageNet in the distributed setting.

RandAug

Model Optimizer +MixUp Accuracy (%)
Dis-SGD 72.40£0.49
Dis-AdamW 73.284+0.25

ResNet-50  Dis-Lion - 73.38+0.19
Dis-Lion-VR 74.121+0.14
Dis-Lion-VR-CE 73.92+0.15
Dis-SGD 72.354+0.88
Dis-AdamW 73.04+£0.11
Dis-Lion X 73.43+0.14
Dis-Lion-VR 73.78+0.07

VIT-S Dis-Lion-VR-CE 73.2940.11
Dis-SGD 72.56£0.93
Dis-AdamW 73.11£0.16
Dis-Lion v 73.09£0.16
Dis-Lion-VR 73.94+0.08
Dis-Lion-VR-CE 73.25£0.16

As shown in Table 3 and Figure 2, Dis-Lion-VR consistently
achieves the highest accuracy across all configurations. On

ResNet-50, it improves upon Dis-Lion by 0.74%, and its
communication-efficient variant retains most of this gain
with a 0.54% improvement. For ViT-S without augmenta-
tion, Dis-Lion-VR yields a 0.35% improvement over the
baseline. With RandAug and MixUp, this advantage in-
creases to 0.85%. Although Dis-Lion-VR-CE shows lower
accuracy compared to Dis-Lion-VR, it maintains competi-
tive performance while substantially reducing communica-
tion overhead through bidirectional 1-bit compression.

7. Conclusion

This paper investigates the convergence guarantees of the
Lion optimizer in both centralized and distributed settings.
We first demonstrate that the Lion optimizer and its variance-
reduced version achieve convergence rates of O(d'/2T7—1/4)
and O(d'/?T~1/3), respectively. We then extend these re-
sults to their distributed versions, showing that similar con-
vergence guarantees hold in distributed settings with the
linear speedup effect. To further improve communication
efficiency, we develop the distributed Lion optimizer with
sign compression in both directions, yielding convergence

dqi/2 d 1/2 d X
rates of O (W + W) and O (”T + W) Finally,
by employing unbiased sign operations in both the param-
eter server and local nodes, we achieve convergence rates

1/4 1/10 1/4 .
of O (max {%, W }) and O (%), respectively.

Experiments on image classification tasks further validate
the effectiveness of the proposed methods.
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A. Proof of Lemma 3.5
For the update step x;+1 = x; — 7 (sign(v¢) + Ax¢), we can ensure that
i1 — x| =n? |[sign(ve) + x|
<21 |sign(ve)||* + 27 [ Ax®
<2n2d + 2022 x| 2 .

Additionally, by Cauchy-Schwarz, we can ensure that
el |* = 11(1 = pA)xi—1 — msign(vi—1)|”
1 .
(L4 0) (1= nA ) |* + (1 + ) sign(ve—1)||”

1 .
(149N = Al | + (1 + Uj)fl\ sign(ve—1)||”

2n%d
<(1—-nA P+ ==
S

By recursion, this yields

2n%d 1 — (1 —nA)t 2nd

el < (1= nA) i |® + < (1 =)'l +

nA - 1—(1-nA) (mA)?’
and therefore
T T
1 5 1 1 2 2n%d 1 5 2n3d
=) AxelP <= D> (=N Hxa|? + < —=lxl? + -
Substituting this bound back, we obtain
1 « 1 «
T D lxen — xel|* <2n’d + 2772)\2? > Ixell?
t=1 t=1
1 2n%d 20\ ||x1]?
<2n?d +2°\? [ — 2 < 6nPd + ———".

This completes the proof of Lemma 3.5.
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B. Proof of Theorem 3.6

Due to the smoothness assumption (Assumption 3.1), we have

f(xe+1)

< f(xe) + (Vf(xe), X1 — Xe) + Ll xes1 — x[*/2
= f(x¢) = n(Vf(x¢),sign(ve)) = nA(VF(xe), x¢) + Ll|xe11 — x¢]* /2
< f(xe) + 0 (Vf(xe), sign(V f(x1)) — sign(vy)) — 0 (Vf(xe), sign(V f(x1))) = nA (V f(x0), %) + Ll[xe1 — x¢]|*/2
= f(xe) + 1 (Vf(xe),sign(V f(x¢)) = sign(vy)) = nl|Vf(xe) 1+ A [V F )l 1xello + Llixesn — x¢]|?/2
d
< fx) 40DV F(x)]i, sign([V £ (xi)]i) — sign([ve];)) — gIIVf(Xt)||1 + Ll|xiy1 —xt]*/2

i=1

d
< fx)+n Y 20V Fx)]i — [velil - T(sign([Vf(x0)];) # sign([ve]:)) — gHVf(Xt)Hl + Llxeg1 — x¢[?/2

i=1

d
< i)+ Y 20V (xa)]i = [vilil = gHVf(Xt)Ih + Lllxes1 — x][*/2

i=1
= f(x0) + 20|V f(xe) = villy — gllvf(Xt)Hl + Lllxer1 — x¢]1/2

< J(x) + 2V VS (x) = vell = SV Fxe) [l + e = xil/2

4)
where the third inequality is valid with ||x; ||, < 17" and 4\nT" < 1, such that
[1%tlloe = (1 =nA)xi 1 = nsign (vie1) o < (1= nA) [[xe-1llo + 7 [Isign (vi-1)llo
<1 =N x| + 0T < 20T
Summing up and rearranging equation (4), we derive:
T T T
1 2(f(x1) = f(xr41)) 1 L 2
- < . - _ - _
E\7 ; ||Vf(xt)||11 < T +4Vd-E T ; IV f(xe) = vell| + T ; [[%e41 — %]
p (5)
2(A L 1
28D L 4va B S ST IV i) - wili2| + 60,
nT T P
where f (x1) — f. < Ay, and the second inequality is due to Jensen’s Inequality and setting A7 ||x; I < 1.
Next, we bound the term E [% Zthl IV f(x:) — vt||2} as follows.
E[IV(xes1) = visal]
=E [H(l = Bu)my + BV f(xeq1; &) — Vf(XtH)Hz}
—E [[[(1 = Bu)(mq = V£(x0)) + B (TS (Reg1i€41) = V(o)) + (1= B1) (VF(xe) = T (x0))]]
—(1 = B1)E [lloy = V£ (x0) + V£ (x0) = Vi (xes)|IP] + BE [V (k13 €)= Vi) ] ©

<(1= A1+ BB [l = V()] + (1= B2+ B [IV S (xe) = VS Gxesn) ] + B

2

<(1 - BOE [lmy — V(x)|?] + %thﬂ ~x|? + 2o

8n°L%d 5 o

<(1 = BLE [llme — Vf(x)|?] + ) 0%,

14
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where the third equality is due to the fact E [V f(x¢41; &t41) — Vf(xe41)] = 0.

Very similarly, we can obtain that

EMVwa4w—mﬂ4W}=Ehul—6ﬁmr+@Vf@H4¢H4w—VﬂxHow
8n2L2d
P2

<(1 = B)E [[lmy — Vf(x:)|*] + + B0

Summing up, we observe

r EIlmi = V)l gpr2
1 1 1 8n2L2%d ,
7Z||mt —Vf(Xt)2‘| < 5 o
r= T B %)
o Sp?L2d ,
< ——+ + Bo0”.
BT = B3 &
Thus, by setting 35 < 31 < /B2, We can ensure
T T-1
1 o? 1 8n?L%d
E [T > llve— Vf(Xt)HQ} S +HA-BE |5 D lmy = V)P | + ﬂﬂ + Bio
t=1 t=1
o? o? 8n2L3d 5  8n?L%d
< =+-=+ + fa0” + +
TR g TR tAC
202 16n°L%d 9
<t + 2P0
BT B33 &
By setting 8> = O (T~Y/2),n = O (d=1/>T~3/*), we obtain:
T T
1 2(Ar+ L 1
TZHVf Xt |1‘| ,yﬁ-ﬁl\f‘ fZHVf(Xt)—VtHQ +677Ld
t=1

2(A; + L) 2 2 16PL2d
<X ;; T+ +aVd- |22 7752 + 26502 + 61Ld
2

—(’)(( +Af+a+L)d1/2>

T1/4
d1/2
=0 <T1/4) -

This completes the proof of Theorem 3.6.
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C. Proof of Theorem 3.7

Since the variance reduction version only differs from the original version in step 5, the analysis of Theorem 3.6 holds up
until equation (6).

The main difference is that we can bound the estimator error E [% 23:1 IV f(x:) — my HQ} as follows:

E IV (xe41) = mia
=E [H(l = Ba)my + oV f(xep15€ern) + (1= B2)(VF(Ker13&41) — VXt 611)) — V(x40
=E[[|(1 = B2)(my = Vf(x:)) + B2 (Vf(x¢:&e41) — Vf(x4))

(V) = V(1) + VS (Rer1i 1) = Vi3 1))

< (1= B2)°E [llms = VF(x0)|P] + 2683E |9/ (x13 6041) = VS (x0)IF ]

+ 2B [|(Vf(xes13€1) = VI (i) ]
(1= B2)E [[[my — Vf(x0)[I°] + 26507 + 2L%||xp41 — x|
(1= B2)E [[lm; — Vf(xo)[?] + 2850° + 8L*nd,
where the first inequality is due to the fact that (a + b)? < 2a® + 2b?, and the fact that

E[(B(Vf(xt:&41) — V(%) + VI (xe) = Vi (xe1) + VF(Req15641) = V(x5 650)] =0

<
<

Summing up, and noting that we use a batch size of By in the first iteration, we can ensure that

) E |[my — Vf(x1)|” 22
1 2 [ ! 2 8L n"d
— - < 2
72 = Vs ] < T 4207, 4 2 N
o? 8L%n2%d
< + 2073y + .
BopT & B2
Thus, by setting 8o < 81 < +/f2 and Bgf2 < 1, we can ensure
T
1 0’ 8n2L%d
7 22 Ve~ VIGI*| <%+ (1= BE Z R L
o? o? 8n2L%d  8n*L2d
<=+ + 2B20° + + + Bio?
T BopT & B2 b1 !
202 16n2L%d )
< + +3
By BT B2 &

By setting 32 = O (T~%3),n = O (d~'/>T=2/3), and By = O (T"/?), we observe:

A

T
1
7 2 IV FGe) = vill?| +6nLd

t=1

Ly 2(Ap + L)
T;IIVf(xt)Ih] <=7 +4Vd - JE

nT Ba

_0 (1+Ap+o0+L)d/?
- T1/3

d1/2
-0 ()

This completes the proof of Theorem 3.7.

2(A; + L) 1672 L2d
LCTR )N \/BB T8 L 3By02 + 6nLd
0 2
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D. Proof of Theorem 4.5

The analysis of Theorem 3.6 is valid for Theorem 4.5 until equation (5). That is, we can still ensure

+ 61Ld.

r T
}Z ||Vf(xt>||1] <2800 14V JE ;Z 194 (x0) — vill

, 2
1 Z?Zl vl — Vf(x¢) H } as follows. For each worker j,

Next, we bound E | £ 7, [V/(x:) = vil*| = E {; >7,

we have the following according to the definition of v{:

Vf+1 - vfj(XtJrl) :(1 - 51) (mi - vfj(xt>) + 51 (ij(XtJrl% £f+1) - ij(xt+1))
+ (1= 51) (Vfi(xe) = Vfj(xe41)) -

Averaging over {n} and noting that V f(x) = + Z?Zl V f;(x), we obtain

n

th+1 Vf(xt41) %Z (Vt+1 Vf; Xt+1)>
j=1
=003 (mf = V) + B S (Vi ) — Vyxen))
j=1 j=1

+(1—=51) %Z (Vfi(xe) = V[ (xe41)) -
Jj=1

Then, we have

2

1 n )
E - Z; Vg — V(xe1)
J:

2

1 <& . 1 & . 2
<1 =B ||=37 (md = Vi) | | + 6875 D E [ij(xtﬂ;fal) = V(i) }
j=1 j=1
2 — 2
5 SB[V () = V()] ©)
j=1
B 2
1 & , 5
<(1— — J_ .
<(1-BE nj_l(mt Vixi) o 2 = -
- 2
I Bio? 22
<(1-B)E |||- J— = -
<(1-4) n;mt VG| | = e =l
Very similarly, we obtain
2 2
I~ 2 212
E (|12 miy - Vitan)| | <0 -mE fzmt Vit |+ 52 + 2 P = .

Jj=1

17
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By summing up and rearranging, we observe

. 2
L mi - i) |

520'2 2L2
+ n +TZ 52 lIx¢11 — Xt”

pol| et pT =1 (10)
o N 028y 12L%2d  4nAL? ||xq°
SnBT 52 53T
Therefore, by setting 53 < 31 < /B2 and ||x; HQ < ndT'/\, we know that
. 2 2
1 1 e o? Bio2 2L2
J 1
e thzl E;vthf(xt) SniTJr(liBl)IE thl th V(x) + n ZthH—xtH
2 2
Siz n o? n %3y 12L22772d n 4n)\L22||x1|| n B2o? n 12L2n%d n AL\ ||x4 ||
nT  npsT n B3 5T n 51 51T
202 32n2L3d 2 2
<20 B hd Pao”
BonT Bs n

By setting 32 = O (nl/QT’l/Z), n=0 (n1/4d*1/2T*3/4), and T' > n, we observe:

2(A; + L) 22 32202d  2By0°
2 f+ ) avd. |2 P
QnT B5 n

T

1
E| 7 2 IV7x)l

IN

o (1+Af+0'+L)d1/2
(nT)1/4

° (i)

IN

This completes the proof of Theorem 4.5.

18



Convergence Analysis of the Lion Optimizer in Centralized and Distributed Settings

E. Proof of Theorem 4.6

The analysis of Theorem 3.6 is also valid for Theorem 4.6 until equation (5). The first difference is that we can bound the

. 2
term E [% DO Ly my — Vf(xt)H ] as follows.

For each worker j, we have the following according to the definition of m{:
mi ;= Vi) = (1= B2) (md = Vfix0)) + B (Vi cea: ) = V5 (x20))
(1= 8) (VSO €)= VI G €a) + V5000 = Vs (xe11) )

Summing over {n} and noting that V f(x) = & 2?21 V f;(x), we obtain:

% ngﬂ = Vf(xe1) = % Z (mz“ B ij(xtﬂ))
j=1

j=1
(1= 3) -3 (md =V x0) B S (Vi xerns ) — V()
j=1 j=1
(1 B2) %Z (Vfg (xe415E] 1) — Vi (x6:6]0) + Vi (xe) — ij(xt+1)) :
=1

Thus, we have
1 n )
E z; my,, — Vf(xe41)
=

<= mPE || - (mi - vx0)| | +253

j=1

XH:E vaj(xwﬁfgu) - vfj(xt“)Hz}
j=1

2(1 - 52)2% ZE [vaj(xt+1§ ff+1) - ij(xt;ﬁi;l)m
j=1

2

1 — ; 23202  2L2
<(1- B)E n;(miwj(xa) + 22T S e - il

2
2620'2 212
+ 2 4 W ||Xt+1 - Xt”

(- )R |3 m - V5 (x)

j=1

By summing up and rearranging, we have

. 2
A 1 el -] . 5
E ?g E; ~ VI | S BoT L nﬁTZHXtH*XtH
o2 2028 N 16L%n2%d
“nBy BT n nfBy

where Bj is the batch size in the iteration number. Similarly, we obtain:
2 2

E %ngﬂ—w(xtﬂ) <(1-p)E met Vix)| | +
j=1

19
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As a result, by setting 51 < /2, we know that

2 2
T-1

G| QR o2 2510 2L2 )
fz Ezvt Vi) | S 5+ A= B)E *Z th Vf(x) ZHXtJrl—XtH
t=1 =1

o2 o? 20235 16L2172d 26 217
< — E _
—-nT + nBs BT n + nSs e Xt”

< 202 32n2L%d L 4By02
- /BQnBOT TL,BQ n '

Set B = O (n1/3T_2/3), n=0 (n1/3d_1/2T_2/3), By = O(n_2/3T1/3), and T > n2, we have:

2(Af + L) 322L2d  4f0?
ZIIVf (xt) 1] < (fi +4Vd - \/ﬁano U

nfs n

<o (1+Af+a+L)d1/2
= (nT)'/3

° (i)

IN

This completes the proof of Theorem 4.6.
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F. Proof of Theorem 5.3

Since the overall objective function f(x) is L-smooth, we have the following:

F(xeq1) <F(xe) +(V (%), X1 — X¢) + £|\Xt+1 —x?

<flxy) — <Vf X¢), sign ( ZSG vt ) > — MV f(xy), %) + §||xt+1 —xy|?
=f(x¢) +1n <Vf(Xt)7Sign(Vf(Xt — sign ( ZSG v] ) >

I (12)
= (Vf(x0), sign(Vf(x0))) + A V)l [eellog + S lIxen =i

=)+ <Vf(xt)7sign(vf(xt ~sign ( ZSG ) > - 21V 56l + g e = il

n

% - %ZSG(V{)

=1

L
<flxe) + 2GVd — S IVIGOll + 5 e =l

where the last inequality is because of

Vf(x:),sign(Vf(x:)) —blgn( ZSG vl >>

—

d n
-3 <[Vf<xt>h,sign([Vf(xtm) — sign ([; Zsmb] ) >
d n
<> 2(Vix)ll -1 (signuw(xt)]i) # sign ([i stﬁ] ))

d
<y 20| LBk ] 1 <sign<Wf<xt>m # sign (

(13)

d r n ] n
< Z2G [Vfgitﬂi _ %Z Sa(v)| |-1 (sign([Vf(xt) = sign ( [711 Z ] ))

d i n
§Z2G Vf(xd)]i %ZSG(vi)
i Jj=1
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Rearranging and taking the expectation, we have:

Vf(xt) IR J

\Y% " - v
E f _1(;2_: +E iZ(SG(Vi)—Gf)H

IA

A
=
Q=
%
\
\
H~<Q
+
=
S|
I'M:
——
wn
Q.
w<
|
‘5
~

INA
=
Q=
I
\
S|
1
\~».<u.
+
:l\’)
=

1
<E Iel VI

where the second inequality is due to the fact that (E[X])? < E[X?], and the forth inequality is because of E[Sg (v})] =
v? /G, as well as the S operation in each node is independent. Rearranging the terms and summing up, we have:

T T n
1 2(A; + L) 1 Al 4da
T Z E[IVf(x)l,] < T +4VE | E - 0 ;:1 vill| + N + 6nLd
. 2
2(A; + L) 4dG
_T+4\/& E §: V(%) — § vl +%+6nLd,

where the last inequality is due to Jensen’s Inequality. Note that in Theorem 4.5, we have already shown that
2

202 322L3%d  2fy0?
vl —Vf(x < + + .
Z ]Z t fxt) BanT 32 n

Finally, we can ensure that

2

1 & oA+ L) 4dG 1 <& 1<
T;E[nvf(xt)nl]é (A + )+ +6nLd+4vVd |E TZ: Vf(xt)—ﬁz_:vi

nT N

<
- T \f aT 83
By setting 8> = % and = O (T~1/2d~1/2), we have

2
T
1 1+ A;+L0)dY?2 (1+G+o)d
7SI s =0 (WEELEEE LR
=1

2A;+ L 22 202 2L
(A1) dG+6nLd+4\f\/g Py | 320707

By setting 8> = % and ) = O (n™1/2), we have

T
1+A;+L)nt/2 (1 L)d
ZIIfot =0 (( + A+ L)n +( +G+o+ )>.

T n1/2
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G. Proof of Theorem 5.4

Since the function f(x) is L-smooth, we have the following:

F(xev1) <f(xe) +(VF(xe), Xe01 — %¢) + £||Xt+1 —x?

<f(xe) — <Vf (%), ( ZSG ) > — AV f(xe), %) + §||Xt+1 — x|
=f(x) +77<Vf(Xt)» Vfc(;Xt -5 ( ZSG (v )>

n<Vf<xt>,Vf§‘t)> TN o+ o IV £GP + s — el

—flx) 4 <Vf<xt> VIt ( ZSG ) > — L ITF G + T Il + Sl — il

Taking expectations leads to:

E [f(XtJrl) - f(Xt)]

<nkE <Vf(xt) =V f(x:) (111 ZSG )>

nG L
/\2 ||Xt|\2 + §||Xt+1 —x¢||?

~ SB[V e)I] + 2

=nk <Vf(xt), éVf(Xt) - ;ZSG(V§)>

— oL (197 Gel] + TN Pl + 5 s —

—iE <Vf<xt> ZVf(x) szt> LB [I9£GeI] + N Pl 5 s — el (15)
- 2
~ G L
il | 16 1976 + [V £6x) _Z = 5GE [IVFGI] + 570 el + 5 e — ]
2
=2 || V/(x:) Z — 1GE [IV5G)l?] + 7 AQ el + 2 e —

Additionally, we can ensure that
el = 11 = nA)xe—1 — nsign (ve_1)|
<L =nA) [[xe—all + 7 [[sign (vi-1) |
<(1=nA) x| +nVd
<L =) xall + 0t - 1)V,
By setting ||x1|,, < n7T, we also know that
e |? <2(1 = pA)2 Y [1x0 | + 20%(t — 1)%d
<2 ||y ||* + 202(t — 1)%d
<2 xu d+ 203t — 1)%d
<2|x1|1%, d + 20*T2d < 4n*T2d.
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Rearranging the terms and summing up:

1 & )
7 LBV G)I]

- -
T n
4N G 1 j avo 1l 2GL 1
<— 5 t4E TZ f(xt)_ﬁz:lvt +2G°A 221” x|® + == Z||Xt+1—XtH
=1 Jj= ?
- . 2:
48,G 1 1y J 232 (02772 2GL 2 20 [lx1?
< T; Vf(xt)—gz_:vt +2G2\ (417Td)+T Od + ==
- . 2:
48,G 1 BN J 232, 22 AGLA|x1|”
< T +4E f; Vf(xt)—Eth +8GEN T2 d +12G Ld + ————
L ) _ ,
4(Af+ L)G 1 I~
§T+4E T; Vf(xt)—ﬁ;vt + 20G Ly,
where the last inequality is valid by setting A < T‘/\/% and \n x| < 1.
Note that in Theorem 4.5, we have already shown that
- 2
1 - 202 32n°L%d  2fBy0?
— v — Vf(x < + + .
DI RGRUIE — A A
Finally, we obtain the final bound:
1 « 1 «
> ||Vf<xt>||] <\ B |7 1962
i=1 i=1
4(Af+ L)G 802 8023y  128L%*n2%d
< | ——— +20nLdG .
_\/ g T 20nLdG 2

. . . n2/s .
That is to say, by setting 3y = n'/3n?/3d'/3 n=0 (mln {W, T3/5 4175 }) , we can obtain the convergence rate of

O (\/LG—FLQ +02+AfG'maX{%vrﬂ%27{;?/s})'

24



Convergence Analysis of the Lion Optimizer in Centralized and Distributed Settings

H. Proof of Theorem 5.5

According to the previous analysis of Theorem 5.4, we have that

2
1 & A(A; + )G d
TZEHV}"(xt)Hz] (fnT)+4 ?Z f(x fvat + 20nLdG.
i=1 —

Using the same analysis as in equation (9), we can ensure that

2 2

I~ - Bio?  2L2
v ﬁjgvt+1*vf(xt+1) <(1-H)E Z = Vi) |+ JFﬁHXtH*XtH

Also, in equation (11), we have already shown that

T n
1 1 o? 20283y 16L°n%d
E g - g \V <
n m; — Vf(x) = npe BT + n + nBy
As aresult, by setting 52 < 31 < /2, we know that

2 2
T-1

1|1 o2 B2o? 2L2
E T E Vt — vf(Xt) SnT =+ (1 — Bl)E — mt Vf Xt + n ||Xt+1 Xt”

=1 =1
o? o2 202 16L%n%d 252 12L2n%d
A L2076 wd  fio” n
nT  nfBByT n nfa n B1
202 3202L%d 402
< + Ui + B2 7
BanByT B2 n

where By = 1. Finally, we obtain the final bound:

;anm)]s 7 Vs

4(Af + L)G 202 327]2L2d 4620’2
<4/ ——— +20nLdG .
- \/ T +20n + ﬂgnBoT + 52 + n

By setting 8o = O (ﬁ), n=0 (W), we can obtain the convergence rate of O (\/LG + L2+ 02+ A4G - %11/2
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I. Additional Experiments

Additional Dataset We also evaluated our methods on the CIFAR-10 dataset using a ResNet-18 and ResNet-50 model. As
shown in Table 4 and Figure 3, our Dis-Lion-VR algorithm consistently surpasses the other methods, achieving the highest
overall accuracy.

Gradient Norm Analysis We plotted the gradient norm over iterations. As depicted in Figure 4, our proposed algorithms
exhibit a smaller gradient norm, and Dis-SGD displays the largest.

Table 4. Accuracy on CIFAR-10 in the distributed setting.

Model Optimizer Accuracy(%)
Dis-SGD 84.97£0.04
Dis-AdamW 85.36+0.04

ResNet-18  Dis-Lion 85.36+0.01
Dis-Lion-VR 85.38+0.01
Dis-Lion-VR-CE  85.36+0.02
Dis-SGD 84.84+0.06
Dis-AdamW 86.00+0.02

ResNet-50  Dis-Lion 86.15£0.04
Dis-Lion-VR 86.19+0.02
Dis-Lion-VR-CE  86.16£0.01

86

o o
8 o3
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S 2
g £
=] =]
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Figure 3. Accuracy in the Distributed Setting. CIFAR-10 accuracy curve of ResNet-18 (Left) and ResNet-50 (Right).
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Figure 4. Gradient norm curve of ResNet-18 (Left) and ResNet-50 (right) on CIFAR-10.
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