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ABSTRACT

Label distribution learning (LDL) is a new machine learning paradigm to solve label ambiguity and has
drawn increasing attention in recent years. The importance of all labels needs to be considered under
the LDL settings. A series of approaches have been proposed to deal with the LDL problem by considering
the correlation of labels or instances. However, none of them focuses on finding interpretable bases to
reduce the dimensions of the feature space. Inspired by the semi-nonnegative matrix factorization
(semi-NMF) method, we propose a new LDL learning framework to deal with the problem through learn-
ing nonnegative components. The key insight is to explore the bases, each of which represents a class,
through the label distribution and to transform the input matrix into a coefficient matrix of the space
constructed by the bases. Consequently, a maximum entropy model can be adopted to learn the label dis-
tribution from the coefficient matrix. Experimental results on real-world datasets comparing our method

with several state-of-the-art methods validate the performance of our approach.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Generally, single-label learning (SLL) tackles the problem of
predicting the best label to describe an instance. Recently,
researchers have observed that data generated in different fields
are not only associated with one label, but also related to several
relevant labels. In other words, they are essentially multi-labeled.
To handle such tasks, the multi-label learning (MLL) paradigm
can provide a subset of labels to describe an instance. Numerous
algorithms and theoretical analysis have emerged and been suc-
cessfully applied in real-world applications, such as emotion clas-
sification for texts [1] and recommendation system [2].

Although the SLL and MLL learning frameworks have been
developed for many years, they also have their limits. They are only
concerned with the problem of describing an instance with only
one label or subset of labels. However, different labels often
describe the instance in different degrees, and the degrees of label
importance are of interest in some fields, such as emotion analysis
[3]. Recently, a novel learning paradigm named label distribution
learning (LDL) [4] has been proposed to deal with this issue by
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learning labels and the degrees of label importance
simultaneously.

A growing number of researchers have focused on the LDL prob-
lem. The representative paper [4] gave an explicit definition of the
LDL problem and provided analysis and experiments on the base-
lines. Besides, a series of typical works were also put forward for
LDL. To name a few, IIS-LLD [5] and BFGS-LLD [4] were proposed
to learn label distribution for age estimation. Approaches [6] [7]
[8] employed similar models by exploring more on the label or
instance correlations. Another work named LALOT [9] revealed
label correlations based on the optimal transport theory. Duo-
LDL [10] is a novel method which employed three-layer MLP to
explore relation of different labels.Some typical methods were also
adapted for the LDL problem, such as PT-SVM [11] and LDLM [12]
that were inspired from SVM methods, AA-KNN [13] and AA-BP [5]
that were adapted from kNN and a three-layer neural network.
Recently, deep neural networks have been combined with the
LDL problem. Several works were proposed such as [14] [15],
which especially focused on age estimation applications. Besides,
more works have been presented and applied in real-world scenar-
ios, such as emotional analysis [16] [17], facial pose estimation [18]
[19] and video parsing [20]. However, most previous works learn a
classification model directly from the original data, without reduc-
ing the dimensionality of the feature space with the help of dimen-
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sionality reduction methods. Thus, the classification model (such
as the maximum entropy model) may learn a better mapping func-
tion in the low-dimensional embedded space.

In this paper, we aim to provide a specific method to deal with
the LDL problem through learning meaningful components for the
feature spaces of the input instances, which is inspired by semi-
NMF methods. We assume that every class has at least one repre-
sentative feature, which is represented by a basis. The basis can
be fully described by an individual label. Other features from the
input space can be regarded as a combination of these bases. Take
the emotion analysis as an example to illustrate the problem. An
emotional face, which is shown in Fig. 1(a), may be composed of
several basic emotions, such as happiness, sadness, surprise, and
fear. We aim to find the feature representations of basic emotions,
and each mixed emotion can be represented as a combination of
the basic features. Therefore, the basis matrix is computed to rep-
resent these basic emotions, guided by the label distribution of the
training examples. After that, the input features are transformed
into a coefficient matrix of the basis space, and the classification
model is trained on these coefficients instead of the original fea-
tures. The process is demonstrated in Fig. 1(b). On the one hand,
the dimensionality of the label space is often smaller than that of
the feature space on most datasets. Thus, we transform the com-
plex problem of learning in the high-dimensional feature space
into a simpler problem that learns the classifier for the coefficient

0.08 Happy
0.15 Sad
:Z( 0.11 Surprise )
0.32 Anger
0.22 Disgust
0.12 Fear

(a) This emotion is a mixture of several basic emotions,
including happy, sad, surprise, anger, disgust and fear.
The degrees of every emotion is normalized to add up to
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(b) The process of our method. We aim to reveal the rep-
resentation of the basic emotion (i.e. basis), and trans-
form the emotion instances into combination of the basis
vectors, which is described by a coefficient matrix. Then
the classification model will be trained on the matrix.

Fig. 1. An emotion figure example illustrates the label distribution problem and the
key idea of our approach.

213

Neurocomputing 501 (2022) 212-221

matrix, which can provide better results. On the other hand, non-
negative basis vectors can provide interpretable factors for every
class. NMF methods assume that every feature can be recon-
structed by adding up the basis with weights, while we relax the
nonnegative constraints of coefficient matrix for the reason that
subtraction exists in nature. It is also noteworthy to mention that
our approach reduces the requirement of prior knowledge because
we do not need to set the dimensionality of the embedded basis
space. Thus, no more parameters are introduced in the procedure
of learning the basis matrix and the coefficient matrix, which is dif-
ficult to determine in real-world applications.

The main contributions of this paper are summarized in the fol-
lowing three points:

(1) We propose the method for learning the basis and coefficient
matrices for the original input features. The method not only
reduces the dimensionality of feature space for most data-
sets, but also explores interpretable bases.

(2) Combining the above method and maximum entropy model,
we propose a novel LDL learning framework through learn-
ing nonnegative components which is named LDL-ENC. No
more parameters are imported into our new method so that
no prior knowledge is required for setting parameters.

(3) The optimization procedure and analysis on experiments are
provided in this paper. Experimental results on 13 datasets
demonstrate that the proposed method is competitive with
the state-of-the-art LDL methods. Analysis on the optimiza-
tion methods and the computational time are also reported.

In the following sections, we start with a brief review of related
works. Then, the learning and optimizing algorithm will be intro-
duced. Next, experimental results on real-world datasets and anal-
ysis on results are reported. Finally, the conclusion is given.

2. Related Works

Linear dimensionality reduction (DR) is a common technique in
the field of data analysis, and nonnegative matrix factorization
(NMF) is a widely used DR method. It has been widely employed
and developed in recent years, and applied in real-world applica-
tions such as image processing, text mining and hyperspectral
imaging [21]. NMF constructs a nonnegative feature space and
reconstructs samples with linear combination of meaningful bases
in this space.

NMF basically tries to decompose a data matrix X by minimiz-
ing ||X — BU||;, where B > 0,U > 0 (here >means component-
wise nonnegative). X, B and U denote the feature matrix, the basis
matrix and the coefficient matrix respectively. The objective func-
tion is nonconvex when both two variables B and U are needed to
be optimized, and it is often solved by alternatively optimizing on
one of the two matrices. Multiplicative updates (MU), alternating
least squares method (ALS), alternating nonnegative least squares
(ANLS) and more optimization methods are employed to decom-
pose the feature matrix [21]. Some previous works relax the non-
negative constraints for wider applications, and these NMF
methods are named as semi-NMF [22] [23].

Importing label information into the NMF method has also
drawn researchers’ attention. Several supervised or semi-
supervised NMF methods [24] [25] were proposed. However, they
solve the SLL or MLL problem and are not suitable for the LDL prob-
lem. In this paper, we focus on exploiting the insight of NMF
method and combine it to solve the supervised LDL problem.
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3. The approach
3.1. Problem Formulation

Let X € R™" denote the input feature matrix where n is the
number of the m-dimensional instances, ¥ = {I;,L,...,l.} denote

the complete set of c labels, dﬁi (briefly denoted as d{) denote the

description level of the label |; € # to the ith instance x;, and
D € R”" denote the label description distribution matrix of all
the c labels for the data X. Two constraints are imposed for the
description level, i.e., dﬂ €1[0,1] and Zjdf = 1. Consequently, the
training set is denoted as & = {(x;,d;), (x2,d>), .., (X,,dy,)}. Our goal
is predicting the label distribution for unseen instances. In this
paper, the predicted distribution matrix from the trained model
is denoted as Y € R“", in which J’), is the predicted description level
for instance x; on label [;. Several measure metrics will evaluate the
difference between Y and D in experiments.

3.2. Nonnegative Components Learning

As mentioned earlier, we design LDL-ENC to discover the inter-
pretable basis for every label. Formally, we denote the basis vector
as b; for the label j. If we regard the bases as features, the descrip-

tion level of its labels satisfies such conditions: d’,',j =1and d?,fj =0.

To learn the interpretable and natural bases, we require the basis b
to be nonnegative, i.e., b > 0.

Firstly, our goal is to learn the basis matrix. Intuitively, the
instance x; can be represented as a linear combination of the bases.
In other words, instances can be reconstructed approximately with
the bases, and we choose the best basis for each class.

Fortunately, the label distribution provides the description level
of labels for instances in the LDL problem, which can simplify the
complex procedure of alternatively updating. More precisely, we
assume that the description level represents the degree of impor-
tance for bases to construct the features. Therefore, we can learn
the bases through the feature matrix and the label distribution
matrix, i.e., we use label distribution as the initial coefficient
matrix. The learning process is described as

X = id{bj .
=

Accordingly, the basis matrix is computed through minimizing
the Frobenius norm of the difference between the reconstruction
matrix and feature matrix, i.e., by minimizing the reconstruction
error as

(1)

Tp(B)

s.t.

min||X — BDJ|;
B>0

(2)

where B € R™¢ denotes the basis matrix. The problem (2) can be
regarded as optimizing the sum of least squares for all input
instances in the datasets.

With the bases learned, we can transform the input instances
from the original feature space to the basis space. Considering for
the basis matrix, the label distribution matrix may not be the opti-
mal solution for minimizing the reconstruction error, so we also
need to compute the coefficient matrix U € R“" with X and B
fixed. Besides, subtraction is also natural and interpretable, so we
do not require the coefficient matrix to be nonnegative. Thus, we
can obtain the representative coefficients U through minimizing
the reconstruction error, i.e.,
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3)

Through learning the basis matrix and the coefficient matrix,
the input features are now represented in the embedded basis
space. Comparing X € R™" with U € R™", the dimensionality is
reduced when ¢ < m, i.e., the dimensionality of the label space is
less than that of the feature space.

In summary, learning nonnegative components helps us to
reduce the dimensionality of the feature space, and label distribu-
tion provides us with more information, which makes our
approach more efficient than unsupervised NMF, i.e., our method
only needs one-pass optimization without alternate updating
repeatedly.

Ty(U) = min|[X ~ BU|i2

3.3. Classification Model

With the coefficient matrix, we can now learn the classification
model to predict the label distribution. Similar to previous works
[4] [7], we assume it follows a maximum entropy model
p(Y|U;0), where 6 € R*‘. Thus, the model for predicting the
description level of J; of the coefficient u; can be represented as

P(Y|ui; 0) = 7 exp(0;u;)

C
Zi=_ exp(0ju).

j=1

(4)

To construct the loss function of learning classification model,
the Kullback-Leibler (KL) divergence is adopted as the distance
measure, which is common for evaluating the distance between
two distributions and ranges in [0, oo]. Smaller KL indicates that
the two distributions are more similar. Thus, the loss function of
model parameter 6 is determined as

To(0) =>_> d] ln,,(ﬁ,.m :

i—1 j=1

()

Leaving out the fixed value, the loss function can be computed
as

9

" Zexp(oju,-)
. =
To(0) =3 > diIn‘gar

i-1 j=1

a

C n C

=3 "In exp(ou) - > dioju;.

i1 =1 i=1 j=1

3.4. Optimization

There are three variables needed to be optimized in our method,
i.e,, B,U, and 6. Fortunately, there is no need for multiple turns of
alternate updating. We optimize the loss function through updat-
ing matrices B, U, # one by one.

The optimization of B is a nonnegative least squares problem
(NNLS), which is generally regarded as a subproblem of NMF. We

denote the jth row of basis matrix B as b/, where b/ € R'*¢. The

optimal values of b’ can be found by solving the following NNLS
problem

()

min| D' - ¥}
b >0

where ¥ € R is the j feature of all input instances.
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DD’V —xT)—i=0

b >0

i=0 (8)
wbh=0/i=1,...c

b BThe active set algorithm is employed to find the solution
quickly, and the details can be found in this paper [26]. For U,
the problem can be easier to solve with the closed form solution
for least squares problem, i.e,

U= (B"B) 'B'X 9)

For unconstrained optimization of 0, we adopt the effective
limited-memory quasi-Newton method (L-BFGS) [27] to optimize
our method quickly without computing the inverse Hessian
matrix. It is critical to calculate the first-order gradient of objective
functions for computing L-BFGS method. The gradient of the objec-
tive function T,(0) is computed as

aTy(0) exp(0ju;)u a"
uy.
o0 Z ,21:

i ’1Zexp0u1

Through optimization, our approach can converge and learn the
label distribution. We summarize the detailed training and testing
procedure of our approach in Algorithm1 and Algorithm 2.

(10)

Algorithm1: Our approach: training phase

Input: Training set <.

Output: the model parameters B and 6.

1: Optimize the basis matrix B using active set algorithm;

2: Compute the optimal solution for U with Eq. (9);

3: Initialize the maximum entropy model parameter 6 and
optimize it using L-BFGS. The VT,(6%") is computed
according to Eq. (10);

4: return parameters B and 6.

Algorithm2: Our approach: testing phase

Input: test set 2'test = {Xtest1, Xtest2, -, Xtestn }» denoted as matirx
Xtest-

Output: the predicted label distribution p(Y|Xest, 9)-

1: Compute the optimal solution for U with Eq. (9);

2: Predict p(Y|Xcest, #) using Eq. (4).

3: return the predicted label distribution p(Y|Xeest, 0).

Besides, we employ SDPT3 [28] as another optimizing method for
solving matrix B and U, which is realized in the CVX package provided
in [29] [30], to compare the results on different optimizing methods.
The results are reported in the following experiment section.

4. Experiments
4.1. Datasets

We choose 13 real-world datasets from different fields. The 1st
to 10th datasets were collected from the biological experiments
[31] on the yeast genes over a period of time yielding different
gene expression levels on a series of time points. sJAFFE is a facial
expression dataset collected from 10 Japanese female models [32],
including 6 basic facial expressions as labels: happy, sad, surprise,
anger, disgust, fear, and each image was rated on 6 emotion adjec-
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tives by 60 Japanese subjects. The rates are normalized and 243-
dimensional features are extracted by Local Binary Patterns (LBP)
[33]. Human Gene is a large-scale real-world dataset on the rela-
tionship between human genes and diseases. Each gene is repre-
sented as a 36-dimensional descriptor vector and corresponds to
68 diseases. The Movie dataset includes ratings for 7755 movies
that come from Netflix, ranging from 1 to 5. The distribution of rat-
ings is calculated from the percentage of each level, and the 1869-
dimensional features are extracted from the metadata of the
movies. The details of the datasets are summarized in Table 1.

4.2. Evaluation Measures

We choose six different distance metrics to evaluate the perfor-
mance of our method, including Cosine, Chebyshev, KL, Euclidean,
Canberra and Intersection. The cosine and intersection metrics eval-
uate the similarity between two distributions, indicating that the
larger the performance the better. Other four metrics, Chebyshev,
Euclidean, KL divergence and Canberra, evaluate the distance
between two distributions, indicating that the smaller the perfor-
mance the better. The formulas of these measures are presented as

Euclidean(D;,y;) = (11)
Sdy]

Cosine(D;,y;) = ————— 12

(Dvy) T 12

KL(D;,y;) = de ln— (13)

Chebyshevwi,y,-) = max|d{i -V (14)
i -yl

Canberra(D;,y;) = (15)
Jz; d+y

Intersection(D;, y;) = me (16)

4.3. Baselines and Settings

Six state-of-art LDL algorithms are compared with our
approach, including AA-kNN [13], AA-BP [5], IIS-LLD [5], BFGS-
LLD [4], LALOT [9] and Duo-LDL [10]. AA-kNN and AA-BP are two
adapted algorithms, which employ k-NN and three-layer neural
network, and soft their outputs to adapt them to the LDL problem.
IIS-LLD and BFGS-LLD are two specialized methods, while IIS-LLD
optimizes the model with the Gauss-Newton method and the lat-
ter uses the L-BFGS method. They construct the same loss function

Table 1
Statistics of the 13 datasets used in the experiments.
Index Dataset #features #label #instances

1 Yeast-alpha 24 18 2465
2 Yeast-cdc 24 15 2465
3 Yeast-cold 24 4 2465
4 Yeast-diau 24 14 2465
5 Yeast-dtt 24 4 2465
6 Yeast-elu 24 14 2465
7 Yeast-heat 24 6 2465
8 Yeast-spo 24 6 2465
9 Yeast-spoem 24 2 2465
10 Yeast-spo5 24 3 2465
11 SJAFFE 243 6 213
12 Human Gene 36 68 30542
13 Movie 1869 5 7755
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Table 2
Experimental results are measured by Chebyshev and Cosine distances of different LDL algorithms on LDL datasets, and the last rows in subtables indicate the average ranking of each method on all datasets.

1D 32 UaYS f ‘oD & ‘Subyz I

(a) Results (mean =+ std) are measured by Chebyshev distance |, followed by the ranking on this dataset and best in bold.

method AA-KNN AA-BP 1IS-LLD LALOT Duo-LDL BFGS-LLD ENC-BFGS ENC-SDPT3
Alpha .0147 + .0008(5) .0401 +.0022(8) .0156 +.0004(6) .0138 +.0002(4) .0160 +.0010(7) .0135 +.0003(3) .0134 +.0004(1) .0134 +.0004(1)
Cdc 0173 + .0005(6) 0411 +.0022(8) .0184 + .0005(7) .0170 + .0007(5) .0165 + .0005(3) .0165 + .0007(3) 0162 + .0005(1) 0162 + .0005(1)
Cold .0542 +.0017(5) .0598 +.0031(8) .0545 +.0017(7) .0543 +.0028(6) .0512 +£.0015(3) .0513 +.0016(4) .0510 +£.0018(2) .0510 +.0017(1)
Diau .0385 +.0012(5) .0531 +.0053(8) .0397 +.0011(6) .0418 +£.0010(7) .0370 +.0012(1) .0374 +.0011(4) 0370 +.0012(1) .0370 +.0012(1)
Dtt 10385 +.0013(6) .0470 + .0042(8) .0406 + .0014(7) .0374 + .0014(5) 10361 +.0012(3) .0360 + .0013(4) 0359 £ .0012(1) 0359 + .0012(1)
Elu .0173 £+ .0004(6) .0409 +.0023(8) .0186 +.0004(7) .0170 +.0004(5) .0164 +.0005(3) .0165 £ .0005(3) .0163 + .0004(1) .0163 + .0004(1)
Heat .0441 +.0012(6) .0534 +.0035(8) .0495 +.0013(7) .0435 +.0011(5) .0422 +.0013(3) .0425 +.0013(4) .0422 +.0012(1) .0422 +.0012(1)
Spo 10627 + .0023(7) .0684 +.0031(8) .0605 + .0018(5) .0606 + .0020(6) .0585 +.0020(3) .0586 +.0021(4) .0583 +.0018(1) .0583 + .0018(1)
Spoem .0904 + .0047(7) .0892 + .0049(6) .0905 + .0036(8) .0880 + .0055(5) .0871 +.0037(2) 0870 = .0037(1) 0873 + .0037(3) .0874 + .0037(4)
Spo5 10948 + .0036(6) .0949 + .0036(7) 10931 + .0037(4) .0908 + .0037(1) .0913 + .0033(4) .0914 + .0040(5) 0912 +.0038(2) 0912 + .0038(2)
SJAFFE 1141 + .0108(3) 1272 + .0126(7) 1194 + .0130(5) 1191 +.0110(6) 1291 +.0120(8) 1142 + .0132(4) 0956 -+ .0103(1) .0959 +.0103(2)
Human Gene 10648 + .0018(8) .0624 + .0019(7) 10534 + .0016(4) .0534 + .0007(2) .0534 + .0007(2) 10534 + .0018(5) 0534+ .0018(5) 0533 + .0018(1)
Movie 1542 +.0048(7) 1572 +.0024(8) .1508 +.0016(6) 1382 +.0007(5) 1240 +.0032(3) 1355 +.0018(4) 1199 +.0256(2) 1197 +.0024(1)
Avg.Rank 5.92 7.62 6.00 4.77 3.46 3.69 1.69 1.38

(b) Results (mean =+ std) are measured by Cosine distance T, followed by the ranking on this dataset and best in bold.

method AA-KNN AA-BP IIS-LLD LALOT Duo-LDL BFGS-LLD ENC-BFGS ENC-SDPT3
Alpha 19938 + .0003(6) 19391 +.0059(8) 19927 + .0003(7) .9939 + .0002(5) 9946 + .0003(1) .9943 + .0003(4) 9946 + .0003(1) 9946 + .0003(1)
Cdc 19924 + .0004(5) 19508 + .0047(8) 19915 + .0004(7) 19924 + .0004(5) 9933 + .0003(1) 19928 + .0004(4) 9933 + .0003(1) 9933 + .0003(1)
Cold 9872 +.0008(5) .9844 + .0016(8) 9871 £ .0009(6) 9870 +.0015(7) .9886 +.0008(2) 9880 +.0007(4) 19886 +.0008(2) 9886 + .0007(1)
Diau 9866 + .0008(5) .9742 + .0053(8) .9861 +.0007(7) .9850 + .0005(6) 9879 +.0007(1) .9869 + .0007(4) 9879 +.0007(1) 9879 +.0007(1)
Dtt 19933 + .0005(6) 19898 +.0021(8) 19926 + .0005(7) .9934 + .0005(5) 9941 + .0004(1) 9940 + .0005(4) 9941 + .0004(1) 19941 + .0005(3)
Elu 19931 +.0002(6) 9557 +.0042(8) 19922 +.0003(7) 19934 +.0001(5) .9940 +.0002(2) 9940 + .0003(3) 9941 + .0002(1) .9940 +.0003(3)
Heat 9867 + .0006(6) 19782 +.0030(8) .9857 +.0007(7) .9871 £ .0005(5) .9880 + .0006(1) 9878 +.0006(4) 9880 + .0006(1) 9880 + .0006(1)
Spo 9730 +.0017(7) 9679 + .0029(8) 9753 +.0013(5) 19745 + .0014(6) 9770 + .0012(1) 9768 +.0013(4) 9770 + .0012(1) 9770 + .0012(1)
Spoem 9764 + .0023(8) 9778 + .0034(6) 9774 + .0015(7) 9778 +.0023(5) 9790 + .0015(1) 9790 + .0015(1) 9788 +.0016(3) 9788 + .0016(3)
Spo5 9713 +.0022(8) 9723 +£.0019(7) 9731 £.0019(6) .9741 + .0007(1) .9741 +.0018(4) 9741 +.0016(2) 9741 £+ .0018(4) 9741 £+ .0016(2)
sJAFFE 9337 +£.0182(3) 19145 +.0140(8) 9314 +.0104(5) 9316 +.0083(4) .9100 +.0100(7) 9301 £.0121(6) 9531 +.0086(1) .9530 +.0090(2)
Human Gene 7687 + .0046(7) .6906 + .0087(8) 18334 +.0040(5) 8333 +.0018(6) 8345 + .0020(1) 18342 +.0039(3) 8342 +.0039(3) 8345 + .0039(2)
Movie .8802 +.0026(8) .8948 +.0012(7) 9067 +.0023(6) 9147 £+ .0028(5) .9264 +.0032(3) 9231 +.0028(4) 9298 +.0027(2) 9299 +.0032(1)
Avg.Rank 6.15 7.77 6.30 5.00 2.00 3.62 1.69 1.69

[zz-z1Z (ZZ0Z) 10S SunduwiodoinaN
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Table 3
Experimental results are measured by Euclidean distance and KL divergence of different LDL algorithms on LDL datasets, and the last rows in subtables indicate the average ranking of each method on all datasets.

Ip 32 UdYs *f ‘0D ‘X ‘Subyz |

(a) Results (mean + std) are measured by Euclidean distance |, followed by the ranking on this dataset and best in bold.

method AA-KNN AA-BP 1IS-LLD LALOT Duo-LDL BFGS-LLD LDL-ENC-BFGS LDL-ENC-SDPT3

Alpha .0249 £ .0005(6) .0798 + .0046(8) .0273 £ .0005(7) .0245 £ .0004(5) .0231 4 .0006(1) .0236 £ .0003(4) .0231 4 .0006(1) .0231 £ .0006(1)
Cdc .0301 £ .0007(6) .0770 £ .0043(8) .0320 £ .0007(7) .0288 +.0008(5) .0279 +.0007(1) .0284 £ .0007(4) .0279 £ .0007(1) .0279 £ .0007(1)
Cold .0724 +.0023(6) .0798 + .0040(8) .0728 4+ .0024(7) .0717 £+ .0038(5) .0681 +.0025(3) .0691 +.0024(4) .0681 +.0022(1) .0681 + .0022(1)
Diau .0567 & .0016(5) .0793 £ .0078(8) .0591 4 .0014(6) .0593 +.0013(7) .0543 4 .0015(1) .0546 +.0016(4) .0543 4 .0015(1) .0543 £ .0015(1)
Dtt .0512 £+ .0016(6) .0627 £ .0056(8) .0541 £ .0018(7) .0511 £.0017(5) .0480 + .0015(3) .0481 +.0017(4) .0479 £+ .0017(1) 0479 + .0017(1)
Elu .0298 + .0005(6) .0750 + .0041(8) .0321 4 .0006(7) .0293 +.0004(5) .0278 + .0006(4) 0277 + .0006(1) .0277 + .0006(1) .0277 + .0006(1)
Heat .0622 +.0016(6) .0792 £+ .0051(8) .0651 4+ .0017(7) .0615 +.0013(5) .0593 4+ .0016(3) .0594 + .0016(4) .0592 + .0015(1) .0592 + .0015(1)
Spo .0880 +.0027(7) .0975 £ .0043(8) .0854 4 .0024(6) .0851 £ .0029(5) .0816 +.0021(1) .0822 +.0026(4) .0819 £ .0024(3) .0819 £.0022(2)
Spoem 1279 + .0066(6) 1432 +.0083(8) .1280 +.0050(7) .1244 + .0078(5) 1233 4+.0048(2) 1231 +.0050(1) 1235 4 .0053(3) 1235 +.0053(3)
Spo5 1216 +.0046(7) 1216 4 .0047(8) 1192 4+ .0047(6) 1165 + .0049(1) 1165 +.0049(1) 1170 £ .0040(5) 1167 4 .0048(4) 1167 £+ .0041(3)
SJAFFE 1564 £ .0100(7) 1713 £.0151(8) 1531 4+.0131(3) 1536 +.0099(4) 1542 4 .0162(5) 1549 £ .0146(6) 1232 4+ .0113(1) 1234 4+ .0116(2)
Human Gene .1058 +.0020(7) 1272 +.0028(8) .0868 +.0018(6) 0867 £ .0009(5) .0864 +.0015(3) .0865 + .0020(4) .0863 +.0019(2) 0863 + .0019(1)
Movie 2564 +.0321(8) 22214 .0211(7) 2004 + .0145(6) 1876 +.0110(5) 1789 4 .0044(3) 1819 +.0033(4) 1738 4+ .0033(2) 1736 +.0023(1)
Avg.Rank 6.38 7.92 6.31 4.77 2.38 3.79 1.69 1.46

(b) Results (mean =+ std) are measured by KL divergence |, followed by the ranking on this dataset and best in bold.

method AA-KNN AA-BP 1IS-LLD LALOT Duo-LDL BFGS-LLD LDL-ENC-BFGS LDL-ENC-SDPT3

Alpha .0064 =+ .0004(6) .0771 £ .0084(8) .0075 £ .0003(7) .0062 £ .0002(4) .0056 +.0004(1) .0063 £ .0003(5) .0056 +.0004(1) .0056 =+ .0004(1)
Cdc .0083 £ .0005(6) .0608 =+ .0065(8) .0092 =+ .0005(7) .0078 £ .0004(5) .0074 £ .0005(1) .0074 + .0005(1) .0074 £ .0005(1) .0074 + .0005(1)
Cold .0142 +.0018(6) .0174 £+ .0026(8) .0144 4+ .0020(7) .0135 £ .0012(5) .0129 +.0020(1) .0130 +.0014(4) .0129 +.0022(1) 0129 + .0018(1)
Diau .0151 £.0012(5) .0299 £ .0069(8) .0159 £+ .0011(6) .0162 £ .0005(7) .0138 +.0010(1) .0139 +.0012(2) .0140 £+ .0011(3) 0140 +.0011(3)
Dtt .0076 £ .0016(6) .0114 £ .0027(8) .0084 +.0016(7) .0067 - .0004(1) .0068 £ .0013(2) .0071 £.0015(5) .0069 £ .0015(3) 0069 £ .0015(3)
Elu .0073 +.0004(6) .0540 + .0058(8) .0083 +.0004(7) .0070 + .0003(5) .0065 + .0004(3) .0066 + .0005(4) .0064 + .0004(1) 0064 + .0004(1)
Heat .0145 £+ .0011(6) .0244 + .0038(8) .0156 £ .0012(7) .0137 £.0010(5) .0133 +.0013(3) .0135 +£.0012(4) .0133 £.0011(2) 0133 +.0010(1)
Spo .0303 £.0021(7) .0368 +.0037(8) .0281 £ .0019(6) .0272 £ .0021(5) .0258 +.0017(1) .0265 +.0018(4) .0263 £ .0017(2) 0263 +.0018(3)
Spoem .0291 +.0037(8) .0283 +.0034(6) .0291 4 .0035(7) .0256 +.0032(2) .0255 +.0030(1) .0270 + .0035(3) .0273 4+ .0037(4) 0273 +.0038(5)
Spo5 .0343 +.0031(8) .0339 +.0032(7) .0330 £ .0032(6) .0295 +.0024(2) .0293 + .0022(1) .0324 £+ .0031(5) .0322 4+ .0034(3) 0322 +.0034(3)
SJAFFE .0712 £ .0231(4) .0960 + .0183(7) .0700 =+ .0089(3) .0724 £ .0084(5) 1061 £+.0112(8) .0740 £ .0135(6) .0500 +.0090(1) 0500 + .0090(1)
Human Gene .3010 £ .0084(7) 4691 4+ .0169(8) 2264 +.0072(3) .2265 £ .0056(5) .2358 +.0110(6) 2264 +.0070(2) 2264 4+ .0072(3) 2262 +.0072(1)
Movie .2008 +.0102(7) 1792 4+ .0246(6) 1368 +.0121(5) 4572 +.0331(8) 1131 +.0625(1) 1292 + .0056(4) 1210 £ .0049(3) 1209 +.0049(2)
Avg.Rank 6.31 7.54 6.00 4.54 2.31 3.77 2.15 2.00
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Table 4
Experimental results are measured by Canberra and Intersection distances of different LDL algorithms on LDL datasets, and the last rows in subtables indicate the average ranking of each method on all datasets.

Ip 32 UdYs *f ‘0D ‘X ‘Subyz |

(a) Results (mean + std) are measured by Canberra distance |, followed by the ranking on this dataset and best in bold.

method AA-KNN AA-BP IIS-LLD LALOT Duo-LDL BFGS-LLD ENC-BFGS ENC-SDPT3
Alpha 7582 4 .0289(6) 2.3521 +.1282(8) 7625 +.0351(7) 7343 £+.0182(5) .6813 +.0186(3) .6845 +.0170(4) 6812 +.0174(1) 6813 +.0171(2)
Cdc 7172 +.0215(7) 1.7152 +.1055(8) 17086 + .0215(6) 6871 +.0183(5) 6462 + .0180(2) 6487 + .0161(4) 16461 + .0173(1) 16466 + .0157(3)
Cold .2604 + .0102(6) 2681 +.0143(8) 2487 +.0091(7) 2579 4 .0098(5) .2408 + .0092(4) .2402 +.0090(3) .2398 4 .0089(2) .2398 + .0080(1)
Diau 4551 4+.0112(6) .5675 +.0310(8) 4487 +.0170(5) 4851 4 .0103(7) 4331 +.0100(4) 4312 +£.0103(2) 4312 4 .0140(3) 4311 +.0129(1)
Dtt 1821 4.0071(7) .2043 +.0118(8) 1812 +.0051(6) 1772 4+ .0071(5) 1689 £ .0060(3) .1690 + .0062(4) 1687 £ .0065(2) 1686 + .0062(1)
Elu .6442 4 .0143(7) 1.4885 +.0672(8) 6387 +.0193(6) 6253 4+.0152(5) .5853 +.0115(4) 5831 +.0142(3) 5823 + .0128(1) 5825 +.0130(2)
Heat 3918 +.0112(7) 4589 + .0286(8) 3772 4+ .0068(5) .3792 4+ .0011(6) .3646 +.0100(4) 3642 +.0072(2) .3642 4+ .0090(3) .3640 + .0098(1)
Spo .5597 +.0218(7) .5992 £ .0417(8) 5231 4+.0312(5) .5258 4-.0216(6) 5137 +.0135(4) 5133 £.0145(3) 5127 4+.0155(2) 5126 + .0144(1)
Spoem 1914 +.0089(8) .1842 + .0108(7) .1840 + .0099(6) 1814 +.0090(5) 1812 +.0072(4) 1799 + .0082(1) .1808 +.0092(3) .1808 + .0082(2)
Spo5 .2969 + .0146(8) 2912 +.0170(7) 2871 +.0191(6) 2831 4+ .0121(5) .2821 +.0100(1) 2829 +.0101(4) 2823 4+.0115(2) 2824 4+ .0104(3)
SJAFFE .8431 4+ .1131(5) 1.0462 4 .1250(7) .8751 +.0842(6) 1.0682 +.0983(8) .8142 +.0700(3) .8202 £ .0675(4) .7108 + .0553(1) 7115 4+ .0612(2)
Human Gene 16.2832 + .8072(7) 22.7847 +1.8523(8) 14.5412 + .6534(6) 14.4873 + .4323(5) 14.4423 + 2176(1) 14.4532 + .2207(2) 14.4543 + .2282(3) 14.4543 + .2282(3)
Movie 1.2758 +.0457(7) 1.2693 + .0872(6) 1.1367 +.0542(5) 2.2317 £.1011(8) 1.0772 +.0201(4) 1.0617 +.0173(3) 1.0345 +.0195(2) 1.0337 +.0175(1)
Avg.Rank 6.77 7.62 5.85 5.77 3.15 3.00 2.00 1.77

(b) Results (mean =+ std) are measured by Intersection distance T, followed by the ranking on this dataset and best in bold.

method AA-KNN AA-BP 1IS-LLD LALOT Duo-LDL BFGS-LLD ENC-BFGS ENC-SDPT3
Alpha .9581 4 .0021(6) .8772 +.0081(8) 9578 +.0021(7) .9592 4 .0024(5) 19624 + .0009(1) .9621 £ .0009(4) 19624 £ .0009(1) 19624 +.0009(1)
Cdc .9528 4 .0028(7) .8912 +.0051(8) .9532 +.0021(6) .9541 4 .0010(5) 9575 +.0010(1) 9574 +.0010(4) 9575 +.0010(1) 9575 +.0010(1)
Cold .9362 4 .0024(7) .9340 + .0032(8) 9376 +.0022(5) .9363 4 .0020(6) 9409 + .0019(1) .9408 +.0019(4) .9409 + .0021(3) 9409 + .0019(1)
Diau 9371 4 .0021(6) .9224 +.0039(8) .9381 +.0020(5) .9328 +.0022(7) .9402 £ .0017(3) 9403 + .0017(1) .9402 £ .0017(3) 9403 + .0017(1)
Dtt .9549 +.0021(7) .9502 +.0021(8) .9552 +.0016(6) .9563 £ .0015(5) .9582 +.0014(4) .9583 +.0015(3) 9584 +.0014(1) 9584 + .0014(1)
Elu .9546 4+ .0011(7) .8992 + .0054(8) 9547 +.0011(6) .9564 +.0022(5) 9591 + .0010(1) .9589 +.0009(2) .9589 4+ .0015(4) .9589 +.0009(2)
Heat .9362 4 .0023(7) 19251 £ .0054(8) 9384 +.0011(6) .9871 £ .0005(5) 19406 + .0014(1) .9402 + .0016(4) .9402 £ .0014(3) .9403 £ .0016(2)
Spo .9082 =+ .0043(7) .9022 £ .0069(8) .9143 4 .0052(5) 9134 4 .0031(6) 9156 + .0023(1) 9155 £ .0023(4) 9156 +.0023(1) 9156 + .0023(1)
Spoem .9072 +.0043(8) 9108 + .0056(7) 9109 + .0054(6) 9126 4 .0044(5) 9128 +.0058(2) 9131 + .0038(1) 9127 4+ .0042(3) 9126 +.0037(4)
Spo5 .9044 + .0051(8) 9062 + .0054(7) 9072 + .0034(6) .9088 +.0043(3) 9088 + .0033(1) .9086 + .0031(5) .9088 +.0034(4) 9088 + .0033(1)
SJAFFE .8552 4-.0215(4) .8243 £+ .0216(7) .8513 +.0147(5) .8058 +.0221(8) .8310 £ .0123(6) .8606 +.0121(3) .8797 +.0101(1) .8797 +.0108(2)
Human Gene 7433 +.0128(7) 6712 £.0221(8) .7828 +.0098(6) .7841 £ .0018(5) .7852 +.0042(1) .7846 £ .0034(3) .7846 £ .0028(2) 7842 £ .0034(4)
Movie .7801 £ .0056(7) 7882 +.0112(6) .8004 +.0100(5) .6496 + .0311(8) .8221 +.0040(3) .8192 +.0054(4) .8282 4 .0034(2) .8284 + .0032(1)
Avg.Rank 6.77 7.62 5.69 5.62 2.00 3.23 2.23 1.69
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of classification model as our method, yet we transform the input
features to an easier-to-learn subspace before optimizing it. LALOT
replaces the KL divergence with optimal transport distance to cap-
ture the geometry of feature space, and introduces kernel biased
regularization into the loss function to explore label correlations.
The method requires an alternative optimizing procedure, which
may lead to more calculation time. The novel Duo-LDL method
exploits a three-layer MLP with c(c — 1) output neurons to capture
the one-to-one relationship of all the degrees of membership of ¢
classes and to explore the label inter-dependencies, which
achieves better results than AA-BP.

We use 10 time 10-fold cross-validation to evaluate these meth-
ods and record the mean and standard deviation of their results.
Moreover, rankings of these methods on each dataset are also noted
and the average rankings are computed according to the perfor-
mance of methods on all datasets. Our methods have no parameters
to set. Parameters for LALOT are set as follows: /. = 0.2 for most data-
sets, 4 = 2 for Yeast-spoem, and /. = 0.1 for s-JAFFE; C = 200 for most
datasets, C=20 for Yeast-alpha, Yeast-cdc, and Yeast-elu;
1 = le — 4 for all datasets. The number of neighbors k in AA-kNN is
set to 5. The number of hidden-layer neurons for AA-BP is set to
60. Parameters for Duo-LDL are the same as the original paper [10].

The results are reported in Table 2, Table 3 and Table 4. Our
method using LBFGS is denoted as LDL-ENC-BFGS, and SDPT3 is
denoted as LDL-ENC-SDPT3. Analysis of the two optimization
methods is discussed in the Section 4.7.

4.4. Results

The experimental results of comparing different methods are
presented in Table 2, Table 3 and Table 4. They are presented in
the form of mean =+ std (ranking onthedataset), and the best results
are shown in bold. As can be seen from the average rankings, ENC-
BFGS and ENC-SDPT3 outperform all the baselines on most data-
sets and achieve the best average rankings, which validates that
our method is a good choice for solving the LDL problem. The rea-
son why the method behaves poorly on some of the datasets could
be that dimensionality reduction omits too much information of
the feature space and the single basis for every label may be insuf-
ficient for representing the samples. In addition, AA-BP performs
poorly on all datasets, AA-kNN and IIS-LLD perform likely. The
newly proposed Duo-LDL is also a competitive method, which indi-
cates that the new loss function of Duo-LDL indeed improves the
performance compared with AA-BP.

4.5. Validation on performance

In order to verify the effectiveness of learning nonnegative com-
ponents, we should compare the results of BFGS-LLD method and
our method, because the BFGS-LLD method only employs the same
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maximum entropy model to learn label distribution. Thus, the
results of BFGS-LLD can be regarded as ablation experiments of
LDL-ENC.

From Table 2, Table 3 and Table 4, we can see that learning non-
negative components really contributes to the overall performance
of our method. On most datasets, the performance of our method
for all measurements is better than BFGS-LLD. For Yeast-spoem,
learning nonnegative components has a negative impact on the
classification model as we previously analyzed. For most datasets,
the dimensionality of their label sets is smaller than that of feature
spaces. Under the circumstances, learning nonnegative compo-
nents can be seen as dimensionality reduction, and it has a positive
effect on the learning of classification models. However, for the
Human Gene dataset, the performance is slightly better even when
this dataset has more labels than features, which indicates that
learning nonnegative components still improves the performance.
In this situation, our LDL-ENC method can be treated as a dic-
tionary learning method.

To sum up, learning nonnegative components truly improves
the performance of label distribution learning on most datasets
compared with only employing classification models. Compared
with state-of-the-art methods, our method is a competitive algo-
rithm for solving the LDL problem.

4.6. Computation time

We compare the computation time of our methods with all the
comparing methods, and the results are shown in the Table 5. ENC-
BFGS takes more time than BFGS-LLD method on 3 datasets, which
indicates that the learning of components on these datasets costs
more time. On other datasets, the ENC-BFGS spends less time with
more learning procedures, which indicates that learning a better
embedded subspace could reduce the computation time of follow-
ing classification training.

Compared with other baselines, ENC-BFGS is competitive in
computational time cost. ENC-SDPT3 spends lots of time on
Human Gene and Movie datasets, but it achieves the best average
results under all the metrics on these datasets. In conclusion, the
SDPT3 package may occupy more computational cost, but it is
more reliable than the L-BFGS optimization method. In a conclu-
sion, our method keeps a good balance between performance
and computational cost.

4.7. Optimization Methods and Convergence

It can be found that optimization method is also important for
the performance of nonnegative components learning module.
The objective function T,(0) with L-BFGS optimizing method is
converged and we report its value in learning process in Fig. 2. It

Table 5
Computation time (in seconds) of comparing methods.
method AA-KNN AA-BP IIS-LLD LALOT Duo-LDL BFGS-LLD ENC-BFGS ENC-SDPT3
Alpha 1.22 3.82 1.61 4424 5.21 1.16 1.05 3.67
Cdc 0.45 1.75 1.45 35.41 343 0.93 0.89 3.01
Cold 0.42 1.45 0.78 10.02 0.33 0.47 0.33 135
Diau 0.53 1.24 0.89 7.42 0.47 0.65 0.57 1.69
Dtt 037 1.17 0.57 8.55 0.38 0.46 0.89 1.36
Elu 0.91 1.38 1.16 20.12 3.05 0.92 0.79 3.04
Heat 0.22 0.89 0.45 13.89 0.78 0.59 0.52 1.62
Spo 039 1.27 0.44 11.99 0.49 0.59 0.48 1.67
Spoem 0.44 1.26 0.55 6.28 0.28 0.33 0.42 0.98
Spo5 033 1.08 0.89 7.91 0.23 0.39 0.75 1.12
s-JAFFE 2.73 3.46 2.48 305.45 7.65 27.16 1.52 1.77
Human Gene 76.88 35.90 36.91 778.32 92.28 150.87 58.32 231.96
Movie 43.86 75.53 46.01 6117.85 900.42 124.94 1145 412.21
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Fig. 2. The value of Ty(0) in the learning process of LDL-ENC-BFGS on the sJAFFE
dataset. The objective functions converges to the minimum..

is noteworthy that on Human Gene dataset, the condition number
of B'B is very large, i.e., achieves 6.66x10'7 in one test, which will
lead to unreliable computation of inverse matrix. Thus, we com-
pute moore—penrose inverse for the B'B to keep the numerical sta-
bility. Also, SDPT3 is reliable for computing components on all the
datasets.

5. Conclusion

LDL is a novel learning framework considering the importance
of every label for one instance, which can be seen as a generation
of the SLL and MLL problems. In this paper, a novel approach is pro-
posed to discover interpretable basis and reduce the dimensional-
ity of feature space for solving LDL. The approach first learns the
basis for each label and transforms the original input features into
coefficients of their representation in the basis space. Then, a max-
imum entropy classification model is employed to learn label dis-
tribution on the coefficient matrix. The coefficient matrix in
embedded basis space reduces complexity for the classification
model on most datasets and brings better performance. Moreover,
no more parameters are required in this method, which needs no
additional knowledge. The experimental results on several real-
world datasets demonstrate that our approach discovers good
bases that help improve the performance with not too much com-
putational cost. In summary, our method is an efficient and com-
petitive approach and suitable for the LDL problem.

In the future, a possible direction is to explore more on the
basis. Several bases for one label may represent the features better
than exploiting only one basis. Another interesting issue is to pro-
vide more theoretical analysis on the learning of bases and opti-
mization methods to validate it in theory.
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