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Abstract— In order to quickly discover the low-dimensional
representation of high-dimensional noisy data in online environ-
ments, we transform the linear dimensionality reduction problem
into the problem of learning the bases of linear feature subspaces.
Based on that, we propose a fast and robust dimensionality
reduction framework for incremental subspace learning named
evolutionary orthogonal component analysis (EOCA). By setting
adaptive thresholds to automatically determine the target dimen-
sionality, the proposed method extracts the orthogonal subspace
bases of data incrementally to realize dimensionality reduction
and avoids complex computations. Besides, EOCA can merge
two learned subspaces that are represented by their orthonormal
bases to a new one to eliminate the outlier effects, and the new
subspace is proved to be unique. Extensive experiments and
analysis demonstrate that EOCA is fast and achieves competitive
results, especially for noisy data.

Index Terms— Dimensionality reduction, incremental learning,
orthogonal component (OC), subspace learning.

I. INTRODUCTION

THE contemporary resourceful Internet and multiple data
acquisition techniques provide researchers with a vast

amount of inherently high-dimensional data, which enables
us to complete more complex and difficult tasks than before.
However, one big problem in manipulating those data is
“the curse of dimensionality,” which is induced by high-
dimensional spaces. Processing a small amount of data in
high dimensionality can encounter many problems in data
analysis [1], including invalid distance norm and difficulty in
optimization. Thus, we need to reduce the data dimensionality
and discover the intrinsic data space bases in order to facilitate
subsequent data research and visualization.

Dimensionality reduction is a powerful and indispensable
tool for data analysis, which represents high-dimensional data
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in low dimensions. Linear dimensionality reduction methods
aim to achieve that goal through a linear transformation.
Based on the assumption that the data of interest lie in an
embedded linear subspace, the linear dimensionality reduction
problem can be transformed to the problem of linear subspace
learning. Linear dimensionality reduction methods have been
developed over a century due to their simple geometric inter-
pretations and typically attractive computational properties
[2]. The earliest and most widely used unsupervised method,
i.e., principal component analysis (PCA) [3], learns an orthog-
onal linear subspace basis by maximizing data discrimina-
tion or minimizing reconstruction error. Supervised methods,
such as linear discriminant analysis (LDA) [4], aim to find
linear subspaces to realize the maximal data discrimination
with labeled information. Nonnegative matrix factorization
(NMF) [5] decomposes the original data matrix into the basis
matrix and the coefficient matrix so that the original data can
be reconstructed with minimal error. To make the bases more
interpretable, NMF restricts all the factored matrices to be
nonnegative.

To employ nonlinear mappings, some nonlinear dimen-
sionality reduction methods are presented. Isomap meth-
ods [6], [7] try to keep the global geometric features of
the input data by exploiting geodesic paths. Locally linear
embedding method [8] reduces the dimensionality using the
neighborhood-preserving mapping. More complex and deep
models, such as autoencoder [9], [10], are employed to learn
the embedded subspace to reduce the dimension of data,
which is suitable for bigger data sets. Besides, dimensionality
reduction methods have been widely employed in real-world
applications, such as hyperspectral image classification [11],
[12], robot control [13], speaker identification [14], and senti-
ment analysis [15]. Theoretical analysis is given [16] to discuss
the difference between the nuclear norm and the Frobenius
norm used for objective functions, which provides us with
suggestions for selecting the appropriate norm for different
applications.

Recently, incremental learning models have become more
important in online scenarios [17], in which stream-like data
are fed to the system from sensors. Such data are usually
of high dimensions. Moreover, the data analysis models are
required to adapt to data of incremental samples and incremen-
tal inherent (target) dimensionality with environmental noise
and to realize real-time response.

Most of the current incremental methods are derived from
existing linear dimension reduction methods that develop
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updating strategies to adjust the basis matrices with new sam-
ples. Incremental PCA and previous works [18] only preserve
the required principal components and their coefficients. They
are updated by newly arrived samples. The widely used incre-
mental PCA method proposed in [19] is able to merge and split
eigenspaces in the learning process. The candid covariance-
free incremental PCA (CCIPCA) algorithm reduces the com-
putation complexity by avoiding computing covariance matri-
ces [20]. Generalized PCA (GPCA) achieves incremental
dimension reduction via the QR decomposition [21]. More
recently, incremental bidirectional principal component analy-
sis (BDPCA) transfers the eigenvalue decomposition problem
of scatters to the singular value decomposition (SVD) of the
corresponding unfolded matrices [22]. Those methods have
been successfully employed in applications, such as pattern
recognition and image analysis [23]. Another supervised sub-
space learning method, i.e., LDA, also develops its online
version. Sequential incremental LDA proposed in [24], which
is among the first proposed incremental LDA methods, solves
the problem of updating for scatter matrices. Almost at the
same time, an incremental dimension reduction algorithm via
QR decomposition (IDR/QR) [25] is proposed, which applies
QR decomposition to obtain the optimal projection matrix
in the subspace. To handle the inverse of the within-class
scatter matrix with the SVD technique, generalized SVD
LDA (GSVD-ILDA) [26] is proposed and applied to face
recognition data sets. The incremental LDA algorithm employs
the concept of sufficient spanning set in approximation [27].
Besides, incremental DCV methods [28], [29] are also pre-
sented to deal with the dimensionality reduction problem.
Incremental orthogonal projective nonnegative matrix factor-
ization (IOPNMF) [30] provides a multiplicative updating rule
to minimize its objective function. A more thorough overview
of the series of incremental subspace learning methods is
provided in [31]. However, those methods need to predeter-
mine the target dimensionality and run slowly, which are not
practical in dynamic environments.

Some robust incremental linear dimensionality reduction
methods, such as in [32], [33], are proposed to deal with
outliers. The more recent work, i.e., the incremental orthogonal
component (OC) analysis (IOCA) [34], utilizes an adaptive
threshold policy to achieve high-speed incremental OC learn-
ing, as well as automatic target dimension estimation and
updating. The IOCA method gradually obtains numerically
OCs through component learning and spends considerably less
time on computation compared with other methods. Unfor-
tunately, unknown corrupted values frequently occur in the
real-time data acquisition process. Under those circumstances,
IOCA cannot adjust the eigenbases that have been already
learned, which makes it vulnerable to the outliers, especially
in the situation where the outliers emerge at the beginning of
the learning process.

Motivated by the abovementioned work, we intend to pro-
vide a new online incremental high-speed OC learning model
to solve the problems of automatic target estimation and
the initial outliers’ problem simultaneously in linear dimen-
sionality reduction. We propose a new learning framework,
named evolutionary OC analysis (EOCA). EOCA combines

the properties of two main component updating strategies in
the existing literature on subspace learning: 1) updating the
bases of the feature subspace once a new data are fed in and
2) generating auxiliary subspaces based on the input data, and
then, employing auxiliary subspaces to update the bases of the
feature subspace. Meanwhile, the orthogonality of the learned
OCs is guaranteed in both the extracting and the updating
process. Intuitively, updating the feature space with auxiliary
subspaces can be converted to the problem of rotating the
feature space toward the auxiliary subspace.

The main contributions of this work are as follows.

1) We propose a novel online orthonormal subspace updat-
ing framework that can be directly employed on arbitrary
subspaces that are represented by their orthonormal basis
without storing the eigenvalues, thereby the effect of
outliers on the OC learning model is decreased.

2) An incremental dimensionality reduction method EOCA
based on the online subspace updating algorithm com-
bined with the OC extraction method is proposed; thus,
the target estimation and the initial outliers problem are
tackled simultaneously.

3) Detailed analysis of the uniqueness of the linear sub-
space guarantees the reliability of EOCA. The computa-
tional complexity analysis and comparison illustrate that
the method is a fast learning method. Thorough exper-
iments on the synthetic data set and public benchmark
data sets demonstrate the effectiveness of EOCA.

The rest of this article is organized as follows. Section II
gives the problem setting and outlines two works that are
closely related to our work. Section III introduces our methods.
Section IV gives the analysis and findings on the learning
process of EOCA, including the linear subspace uniqueness
and the computational complexity. Section V is dedicated to
experimental results on both synthetic and real-world data sets.
Conclusions are drawn in Section VI.

II. PRELIMINARIES

In this section, we briefly present the problem setting
and notation of incremental component analysis. To facilitate
the understanding of our proposed method, we introduce
two related previous work: OC analysis (OCA) [35] and
IOCA [34].

A. Problem Setting and Notation

The incremental component analysis can be described as
follows. The initial data set is empty, i.e., X = ∅. The
d-dimensional input samples arrive sequentially, denoted as
x1, x2, . . . , xt ∆ R

d . For convenience, we suppose there are
N samples, and thus, the input data matrix is represented
as X ∆ R

d×N . The task is to learn k basis (k < d) B =
{b1, b2, . . . , bk} ∆ R

d×k (bi ∆ R
d , ∀i = 1, . . . , k) to represent

the feature (low-dimensional) space S of the data stream. Each
sample xt is represented as a linear combination of the k
basis vectors, i.e., xt = B yt , where yt is the k-dimensional
coefficient vector. Thus, we reduce the original d dimensions
of input data to k dimensions.
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B. Orthogonal Component Analysis

OCA is a batch dimensionality reduction method and aims
to compute X ≈ BY for low-dimensional representations.
Moreover, OCA learns the OCs with low computational cost
and high stability and automatically determines the number of
components, i.e., the target dimension. As a fast method, mod-
ified Gram–Schmidt (GS) (MGS) orthogonalization process is
employed to yield the basis set B of subspace S in some
episodes. The main algorithm can be described as follows:

r(0)
i = xi , i = arg max

l=1,...,N

∥∥r(t)
l

∥∥2
2 (1)

bt+1 = r(t)
i∥∥r(t)

i

∥∥
2

, r(t+1)
l = r(t)

l −
t∑

j=1

b j b�
j r(t)

l , l = 1, . . . N

(2)

where t represents the learned dimension of subspace S,
and we initialize t = 0. Compared with traditional GS
method, MGS is numerically more stable. To guarantee the
orthogonality of the basis, xi is chosen with the maximal
�r(t+1)

i �2 as the (t + 1)th principal component when t bases
are already learned and preserved in the basis matrix B. An
adaptive threshold, which compares r t+1 and the amount of
basis in the subspace matrix, determines whether the algorithm
stops, that is,

�r t+1�2

�r1�2
≥ f

(
t

d

)
. (3)

If (3) is satisfied, bt+1 is added to the basis matrix B;
otherwise, the learning process stops. f (ω) is required to be
a strictly monotonic increasing function, and 0 ≤ f (ω) ≤ 1
when 0 ≤ ω ≤ 1.

C. Incremental Orthogonal Component Analysis

IOCA is an incremental dimensionality reduction method
based on OCA, which inherits the advantages of low compu-
tational cost and automatic target dimension estimation. Since
incoming samples may increase the target dimension in online
environments, the latter feature is more important in online
learning than in batch learning. IOCA is able to automatically
extract the desired OCs for subspace generating. The number
of extracted components, i.e., the dimension of the feature
subspace, can be adaptively determined during the learning
process.

The principle of orthonormal component extraction is that
the new orthonormal component is extracted only when the
linear independence between the currently input data vector
xt ∆ R

d and the learned k-dimensional subspace S is greater
than the threshold T . According to the linear dependence
theorem, it can be measured by �r t�2, i.e., the projection
distance from xt to S. To achieve adaptive intrinsic dimension
estimation, the threshold T should be balanced between the
expansion and the maintenance of subspace S. When the
dimension of S is small, the algorithm tends to learn more
information from the input data through component extraction.
As the dimension of S increases, preventing blind expansion
of S becomes more important, i.e., the difficulty of accepting

Fig. 1. Framework of the proposed EOCA algorithm. Two phase methods,
i.e., orthonormal component extraction and orthonormal component updating,
are combined to learn new bases.

new components should increase as the dimension of S
increases. As a result, the adaptive threshold derived from (3)
is modified without the knowledge of the whole data set, which
is described as

�r t�2

L(t)
max

≥ f

(
k

d

)
(4)

where L(t)
max = max{�x1�2, . . . , �x t�2}. Theoretical analyses

of the process are given in [34].
We now detail the component extraction procedure. In the

beginning, subspace S is initialized as a 0-D space. When the
t th data xt are fed as the input, assuming S = {b1, . . . , bk}
and b1, . . . , bk to be orthonormal, a candidate orthonormal
component bk+1 is extracted from xt based on the GS process.
Instead of MGS, GS is more suitable for online environment,
which is described as

r1 = x1, b1 = r1

�r1�2
(5)

r t = xt −
t−1∑
j=1

b j b�
j xt , bt = r t

�r t�2
, t = 2, . . . , N. (6)

If the threshold described in (4) is satisfied, bk+1 is added
into the basis set of S, and its dimension increases; otherwise,
bk+1 is discarded. Then, the algorithm continues to process the
next input data until all the data are processed. With the help of
the adaptive threshold policy, S achieves a steady state during
the learning process. Moreover, the orthogonality of bases is
guaranteed.
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D. Orthogonality

The reasons why orthogonality is desired for the bases of
the embedded subspaces in the previous works and our EOCA
method are summarized as follows. First, some works have
proved that orthogonal bases are more appropriate for dimen-
sion reduction, such as in [36] and [37]. Many methods [37],
[38] are improved with an orthogonal basis inspired by the
idea. Second, when the norm of the bases is normalized to the
same value, i.e. 1, the orthonormal bases are more linearly
independent, and the condition number of the basis matrix is
more appropriate, which leads to more stable computational
results on computers. Finally, it is more convenient to compute
reduced-dimensional vectors through orthonormal bases. If the
bases are not orthogonal, we need to compute the matrix
inversion for reduced vectors, while we only need the trans-
pose orthogonal basis matrices. In a word, orthogonal brings
simple computation and better performance. The experiments
in Section V exhibit a similar conclusion.

III. EVOLUTIONARY ORTHOGONAL COMPONENT

ANALYSIS

A. Overview of the Approach

We use Fig. 1 to illustrate the whole framework of EOCA.
Different from OCA and IOCA, the input data are first
extracted in an auxiliary subspace, and then, the auxiliary
subspace is used to update the feature subspace. In order to
distinguish the two spaces, we denote the auxiliary subspace
in the learning process as S 
 and its basis set as B2 =
[b2,1, . . . , b2,k2 ] ∆ R

d×k2 . The feature space is denoted as S,
and its basis set is B1 = [b1,1, . . . , b1,k1] ∆ R

d×k1 .
The whole method is composed of two procedures,

i.e., orthonormal component extraction and orthonormal com-
ponent updating. The orthonormal component extraction pro-
cedure learns new bases and adds them to a basis set B2 of
the auxiliary subspace. The orthonormal component updating
procedure uses B2 to update the basis set B1 of the feature
space. In the following sections, we detail the design of the
two methods.

B. Orthonormal Component Extraction

We employ a similar method as IOCA [34] for extracting
orthonormal bases, which has been introduced in Section II-C.
Now, we discuss some details of the method when employing
it in EOCA.

We require f (ω) to be a strictly monotonic increasing
function, and we have 0 ≤ f (ω) ≤ 1 when 0 ≤ ω ≤ 1. How
to determine the function is a practical problem. We compare
the choice of three common functions in Section V-A.

The learning process is similar to IOCA, except it
is conducted on the auxiliary subspace S 
, i.e., B2 =
[b2,1, . . . , b2,k2 ] ∆ R

d×k2 . Thus, k in (4) is replaced by k2.
Note that the procedure avoids solving the matrix eigen-
problem or the matrix inversion problem. Thus, its time
complexity is low. However, eigenvectors and eigenvalues
provide information about the important directions of data,
and omitting this computation may lose this information.

The solution is to capture the information in the following
orthonormal component updating part. When the eigenvalue is
big, the adjustment of the corresponding basis is small, which
means that the most important directions are preserved during
the adjustment procedure. Thus, we only need eigenvalue
decomposition when the two subspaces need to be combined,
which saves time for our method.

By extracting orthonormal components from continuous
data streams, S 
 is obtained in an incremental way, and its
dimension is automatically determined. However, once an
orthonormal component has been extracted, it will never be
adjusted. When S 
 achieves a steady state, the threshold is
strict enough to make sure that the new data rarely influence
the current S 
. To make full use of the input data and eliminate
the effect brought by outliers, we introduce an orthonormal
component updating method: if S 
 stays unchanged during a
certain period of time, we deem it achieves a steady state and
update the existing feature subspace S using it; then, we restart
the process of learning S 
 through component extraction.

C. Orthonormal Component Updating

From the above sections, we know that S is the exist-
ing k1-dimensional feature subspace. When new data come,
a k2-dimensional subspace S 
 is extracted, and then, we can
merge S 
 and S to obtain the updated feature subspace
S(new) whose dimension is k. The column vectors of B1 =
[b1,1, . . . , b1,k1 ] ∆ R

d×k1 and B2 = [b2,1, . . . , b2,k2 ] ∆ R
d×k2

are orthonormal bases of S and S 
, respectively. The obtained
S(new) is also represented by its orthonormal basis b1, . . . , bk .

Intuitively, we hope that the problem of merging two
subspaces can be decomposed into a series of subproblems:
each time we select a basis vector pair b1,i and b2,i from
S and S 
, respectively, the basis vector bi of S(new) can be
calculated exclusively based on b1,i and b2,i as

bi = ηb1,i + (1 − η)b2,i (7)

where η is the learning rate. Therefore, basis updating can be
conducted by directly calculating each vector pair.

However, there is trouble with the abovementioned strat-
egy: for a nonzero finite-dimensional linear subspace, the
representation for its bases is not unique. As a result, given
S and S 
, if we do not determine the unique one-to-one
relationship between their bases before vector updating, the
obtained S(new) may be nonunique. For example, both S =
span{b1,1} and S 
 = span{b2,1} are 1-dimensional subspaces,
where �b1,1�2 = �b2,1�2 = 1. S 
 can also be represented by
span{−b2,1}. Thus, when b1,1 and b2,1 are linearly indepen-
dent, span{(1 − η)b1,1 + ηb2,1} and span{(1 − η)b1,1 − ηb2,1}
are not the same linear subspace. Therefore, basis alignment
should be performed to guarantee the one-to-one relationship
before basis adjustment, as illustrated in Fig. 2. The two stages,
i.e., basis alignment and basis adjustment, will be introduced
in this section.

1) Basis Alignment: We employ the principal angles [39]
between subspaces S and S 
 to determine the unique relation-
ships between them. Suppose that 0 ≤ θ1 ≤ · · · ≤ θmin(k1,k2) ≤
(π/2) are the sequence of principal angles between S and S 
,
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Fig. 2. Basis updating process. The subspaces S (represented by basis matrix
B1) and S 
 (represented by basis matrix B2) are aligned by their principal
angles, and then, S and S 
 are merged to obtain the updated subspace S(new).

and the first θ1 is defined as

cos θ1 = max
w1,1∆S,w2,1∆S 
 w�

1,1w2,1 (8)

where �w1,1�2 = 1 and �w2,1�2 = 1. Then, the other principal
angles are defined recursively via

cos θi = max
w1,i ∆S, w2,i ∆S 
 w�

1,iw2,i (9)

s.t. w�
1,iw1, j =

{
1, i = j
0, i �= j

w�
2,iw2, j =

{
1, i = j
0, i �= j.

(10)

Based on the principal angles, the bases of S and S 
 can
be aligned. Let kmin = min(k1, k2), for i = 1, . . . , kmin , and
we would like to find u1,i and u2,i to make the angle between
w1,i = B1u1,i and w2,i = B2u2,i to be θi , which is the i th
principal angle between S and S 
. In other words, we hope to
have w�

1,iw2,i = cos θi , where �w1,i�2 = �w2,i�2 = 1.
According to the definition of principal angles, the first θ1

satisfies

cos θ1 = max
w1,1∆S,w2,1∆S 
 w�

1,1w2,1

= max
B1u1,1∆S,B2 u2,1∆S 
 u�

1,1 B�
1 B2u2,1 (11)

s.t. �u1,i�2 = �u2,i�2 = 1 (12)

where u1,1 and u2,1 are the vectors that we should obtain.
Based on the Lagrange multiplier method, the problem of
calculating w�

1,iw2,i = cos θi can be transformed into the
optimization problem

max u�
1,1 B�

1 B2u2,1+λ1,1
(
1 − u�

1,1u1,1
) + λ2,1

(
1 − u�

2,1u2,1
)
.

(13)

The above problem can be solved by finding the largest
singular value σ1 of the k1 × k2 size matrix B�

1 B2, while
u1,1 and v2,1 are the left- and right-singular vectors for σ1.

Similarly, we obtain the other basis pairs one by one. If u1,i

and u2,i are the left- and right-singular vectors corresponding
to the i th largest singular value of matrix B�

1 B2, the angle
between w1,i = B1u1,i and w2,i = B2u2,i forms the i th
principal angle θi .

Therefore, basis alignment can be achieved through SVD.
We obtain

B�
1 B2 = U1�U�

2 (14)

where U1 = [u1,1, . . . , u1,k1 ] and U2 = [u2,1, . . . , u2,k2 ] are
k1 × k1 and k2 × k2 size orthogonal matrices, respectively. �

is a diagonal k1 × k2 matrix with nonnegative real numbers
on the diagonal. Then, we calculate W1 = B1U1 and W 2 =
B2U2 and obtain W1 = [w1,i , . . . ,w1,k1 ] ∆ R

d×k1 and W2 =
[w2,i , . . . ,w2,k2 ] ∆ R

d×k2 .
Note that the abovementioned SVD-based alignment opera-

tion is similar to the canonical correlation analysis (CCA) [39],
but the main difference between CCA and the proposed basis
alignment algorithm is that the former is performed on the
data vectors in two data sets and the latter is performed on
the orthonormal bases of two linear subspaces.

The columns of W1 and W 2 satisfy

w�
1,iw1, j = u�

1,i

(
B�

1 B1
)
u1, j =

{
1, i = j
0, i �= j

(15)

w�
2,iw2, j = u�

2,i

(
B�

2 B2
)
u2, j =

{
1, i = j
0, i �= j

(16)

w�
1,iw2, j = u�

1,i

(
B�

1 B2
)
u2, j =

{
σi , i = j
0, i �= j.

(17)

According to the abovementioned properties, we reach the
conclusion that vectors in basis sets {w1,1, . . . ,w1,k1} and
{w2,1, . . . ,w2,k2} are paired: when i �= j , w1,i , and w2, j are
orthogonal to each other. As a result, each basis vector pair
can be processed separately in the basis updating.

2) Basis Adjustment: Based on the aligned bases, we per-
form the basis adjustment.

When σi = w�
1,iw2,i > 0, i.e., the angle between w1,i and

w2,i is acute, we can calculate S(new)’s basis vector wi by

wi = ηw1,i + (1 − η)w2,i . (18)

S and S 
 are generated by processing N1 and N2 data,
respectively. According to the assumption that each datum
carries the same significance, we employ

η = N1

N1 + N2
(19)

as the default setting for the learning rate η. Then, we have

w�
i w j = (ηw1,i + (1 − η)w2,i )

�(ηw1, j + (1 − η)w2, j )

=
{

η2 + 2η(1 − η)σi + (1 − η)2, i = j
0, i �= j.

(20)

In other words, when i �= j , wi and w j are also orthogonal to
each other. As η2 and (1 − η)2 cannot be 0 at the same time,
we have η(1 − η)σi ≥ 0 and �wi�2 > 0. Therefore, we can
obtain bi = (wi/�wi�2), and let it be the orthonormal basis
vector of S(new).

When σi = w�
1,iw2,i = 0, i.e., the angle between w1,i

and w2,i is a right angle, we draw the conclusion that the
basis computed by (18) is not unique through the analysis of
uniqueness in Section IV-A. In this situation, we can either
discard or keep both of them. To retain more information,
we decide to add both w1,i and w2,i into the basis set of
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Algorithm 1 Algorithm of Orthonormal Component Updating

Input: Basis matrix B1 ∆ R
d×k1 and B2 ∆ R

d×k2 , the num-
ber of data N1 and N2 to generate B1 and B2 respectively

1: [U1,�, U2] = svd(B�
1 B2);

2: k = 0, N = N1 + N2;
3: for i = 1, . . . , kmin do
4: if [�]i,i > 0 then
5: wk+1 = N1

N B1U1(:, i) + N2
N B2U2(:, i);

6: B(:, k + 1) = wk+1
�wk+1�2

;
7: k = k + 1;
8: else
9: B(:, k + 1) = B1U1(:, i);

10: B(:, k + 2) = B2U2(:, i);
11: k = k + 2;
12: end if
13: end for
14: if k1 > kmin then
15: B(:, kmin + 1 : k1) = B1U1(:, kmin + 1 : k1);
16: k = k + k1 − kmin ;
17: else if k2 > kmin then
18: B(:, kmin + 1 : k2) = B2U2(:, kmin + 1 : k2);
19: k = k + k2 − kmin ;
20: end if
Output: Basis matrix B ∆ R

d×k , the number of data N to
generate B

S(new). Considering that σi is rarely accurate 0 in the actual
computation, we change the condition to σi < 10−8. Note
that we should orthonormalize the two vectors before adding
them to the basis set, i.e., w2,i = w2,i − w1,iw

T
1,iw2,i and

w2,i = (w2,i/�w2,i�2).
Moreover, the following rules are laid down for preserving

information in S and S 
: if k1 > kmin , then the k1 −kmin basis
vectors w1,kmin+1, . . . ,w1,k1 of S are directly added into the
basis set of S(new); similarly, if k2 > kmin , then the k2 − kmin

basis vectors w2,kmin+1, . . . ,w2,k2 of S 
 are directly added into
the basis set of S(new).

Note that through (18) and (19), we know that when the
first auxiliary subspace B21 is polluted by the initial noise,
if N is larger, i.e., the (N21/N) is smaller for B21, the noise
will bring less effect to the following feature space. This point
will also be analyzed in the experiment part.

In Algorithm 1, we give the process of orthonormal com-
ponent updating. Given k1-dimensional subspace S and k2-
dimensional subspace S 
 that are represented by basis matrix
B1 and B2, respectively, Algorithm 1 merges S and S 
 to
obtain a new subspace S(new) that is represented by its basis
matrix B.

D. EOCA Framework

By combining online orthonormal component extraction and
updating, we propose a novel subspace learning algorithm
EOCA for linear dimensionality reduction.

EOCA incrementally learns feature subspace S that is
represented by its orthonormal bases from the online data
stream. During subspace learning, EOCA does not directly

Fig. 3. Illustration for the comparison of IOCA and EOCA when outliers
emerge at the beginning of learning. EOCA generates a subspace sequence,
represented by basis set B(1)

2 , B(2)
2 , . . . , B(i)

2 based on the input data stream.
According to the abovementioned subspace sequence, EOCA executes the
subspace updating operations as follows. At updating time t (at the end of
learning period), it employs B(i)

2 to update B(i)
1 ’s basis. After updating B(i)

1 ,

B(i)
2 will be cleaned, and the learning threshold will not be effected by the

outliers. However, IOCA only updates one subspace and is more sensitive to
the quality of samples at the beginning.

update S every time a new data comes in. Instead, it generates
an auxiliary S 
 by continuously extracting OCs from the
input data. Once S 
 achieves a steady state, it employs S 

to update S.

As illustrated in Fig. 3, the learning process of EOCA
can be comprehended as follows. During the EOCA process,
the online input data stream is incrementally learned, and
it adaptively generates a series of subspaces. Thus, a sub-
space sequence S 


(1),S 

(2), . . . ,S 


(i) is obtained, which is

represented by the basis sets B(1)
2 , B(2)

2 , . . . , B(i)
2 . Here, S 


(i)
is the subspace learned from the i th data subsequence, and
every subspace B(i)

2 is learned online. Then, EOCA employs
the subspaces in the sequence one by one to update S, which
is represented by B(i)

1 . The orthonormal bases of the final S
are what we want.

In Algorithm 2, we present the detailed EOCA algorithm. In
the beginning, both S and S 
 are initialized as 0-D subspaces.
In the learning process, EOCA continuously extracts new
OCs and adds them into the basis set of S 
. If S 
 remains
unchanged, i.e., its dimension does not increase, we deem
that S 
 achieves a steady state after learning t0 samples.
Then, we employ S 
 to update S by Algorithm 1. After
the orthonormal component updating, S 
 is initialized as 0-D
subspace again, and EOCA continues to extract OCs for S 
.
When all the data have been processed, if the dimension of S 

is larger than 0, EOCA performs component updating in the
end. In Algorithm 2, h is the times of subspace basis updating;
t0 is the parameter to judge whether the auxiliary S 
 achieves
a steady state. In this article, the default setting is t0 = d .
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Algorithm 2 Algorithm of EOCA

Input: Data x1 . . . , xN (xt ∆ R
d , t = 1, . . . , N), parameter

t0
1: Initialize B1 = [ ], B2 = [ ]; Let N1 = 0, N2 = 0, k2 = 0,

t 
 = 0, Lmax = 0, h = 0;
2: for t = 1, . . . , N do
3: Input xt ∆ R

d ;
4: if t − t 
 > t0 then
5: if N1 == 0 then
6: Let B1 = B2, N1 = N2;
7: else
8: Input B1, B2, N1 and N2 to Algorithm 1, obtain the

updated B1 and N1;
9: end if

10: Let h = h+1, B2 = [ ], N2 = 0, k2 = 0 and Lmax = 0;
11: end if
12: Update N2 = N2 + 1;
13: if �xt�2 > Lmax then
14: Lmax = �xt�2;
15: end if
16: Let r t = xt ;
17: Compute r t = r t − ∑k2

i=1 bi rt
�bi ;

18: Compute bk2+1 = r t�r t �2
;

19: if �r t �2
Lmax

≥ f
(

k2
d

)
then

20: Let B2 = [B2, bk2+1], k2 = k2 + 1, t 
 = t;
21: end if
22: end for
23: Input B1, B2, N1 and N2 to Algorithm 1, obtain the

updated B1 and N1;
Output: Basis matrix B1

IV. ALGORITHM ANALYSIS

A. Uniqueness of Linear Subspace

The linear subspace S(new) is combined with two learned
subspaces S and S 
. We know that the results of SVD, which
is a critical step of subspace updating, are not unique. How-
ever, we can claim that, no matter which result is obtained,
the updating result S(new) is unique when two subspaces S
and S 
 are given. The uniqueness of S(new) is analyzed in the
Supplementary Material. Due to this conclusion, Algorithm 1
can be safely employed to update the orthonormal components
and learn the subspace sequence in online environments.

B. Analysis on Computational Complexity

The computational complexity of EOCA depends on two
aspects: component extraction and component updating.

Suppose that k is the final dimension of feature subspace,
and N is the number of input data. For component extraction,
the calculation of computing r t takes O(dk) for the size of
basis set is O(k), and the dimension is O(d); for the whole
N samples, this method takes O(Ndk) time.

For component updating, computational complexity of
Algorithm 1 is O(dk2) for the computation of SVD. Note that
given S and S 
, k-dimensional subspace of the newly obtained
S(new) satisfies max {k1, k2} ≤ k ≤ k1 + k2, and it achieves its

upper limit when S 
 is perpendicular to S. In Algorithm 1,
the computational complexity of SVD is O(dk2), and the
linear transformation in basis alignment and adjustment takes
O(dk2) time. Therefore, the proposed orthonormal component
updating algorithm’s computational complexity is O(dk2).
In the learning process, the updating process is conducted
O(N/t0) times. If we use the default setting of parameter t0 =
d , the global computation on component updating is O(Nk2).
As a result of that, the total computational complexity of
EOCA is O(Ndk) + O(Nk2) = O(Ndk).

V. EXPERIMENTS

To evaluate the performance of EOCA, we conduct experi-
ments on three synthetic data sets and 13 real-world data sets.
All the experiments in this article are performed in MATLAB
R2019a on an Ubuntu server.

A. Experiments on Synthetic Data

In this section, we take experiments on synthetic data sets
to evaluate the ability of EOCA on target dimensionality
estimation and dealing with outliers. We use IOCA to compare
their performance on noisy data sets since IOCA lacks the
ability to update the basis set. The synthetic data are gener-
ated as follows. First, d0 mutually orthonormal basis vectors
w1, . . . ,wd0 ∆ R

d are randomly generated. Then, N data
x̃1, . . . , x̃N are obtained by the linear combination of these
d0 vectors, while the combination coefficients follow standard
normal distribution. Assume that x̃i, j to be the j th entry of x̃i

and xm = (1/d N)
∑

i, j |x̃i, j |, and we compute the data with
noise by adding Gaussian noise proportional to xm

xi = x̃i + 0.02 · randn(d, 1) · xm . (21)

Moreover, we generate an extra vector as outlier by

x0 = λ�randn(d, 1)�2w0 (22)

where w0 is a basis that is orthogonal to S0, and λ is a
parameter that varies in the experiments. Thus, we obtain a
data set containing N + 1 samples.

Suppose that EOCA is employed on the synthetic data, it
obtains a k-dimensional subspace S = span{b1, . . . , bk}, and
the directional distance from S0 = span{w1, . . . ,wd0} to S
can be measured as follows [40]:

dist(S0,S) =
√√√√d0 −

min(d0,k)∑
i=1

cos2 θi (23)

=

√√√√√d0 −
d0∑

i=1

k∑
j=1

(
w�

i b j
)2

. (24)

Thus, when d is fixed, the smaller dist2(S0,S) is, the better
the quality of the learned S is. For convenience, we employ
dist2(S0,S) to measure the similarity between S0 and S.

Besides IOCA, we also implemented a baseline method
named evolutionary non-OC analysis (ENCA), which is almost
the same as EOCA except employing nonorthogonal bases.
This is to show the impact of orthogonal bases compared
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TABLE I

RESULTS OF EOCA SELECTING THRESHOLD FUNCTION ON SYNTHETIC DATA WHEN N = 200

Fig. 4. Size of basis set changing with input samples for IOCA and EOCA on the synthetic noisy data when N = 1000, d0 = 30, and d = 100. Five extra
outliers generated as xo and Gaussian noise are added on data set. (a)–(c) λ = 2. (d)–(f) λ = 10. B, B1, and B2 are basis matrixes in IOCA and EOCA
learning process. The size of B and B1 also represents the dimensionality of subspaces that are learned for reduction. The first column represents the change
of basis set size for IOCA and EOCA, and the lines in the second and third columns represent that the corresponding sample is added to basis set. (a) λ = 2.
(b) Input samples added to B , IOCA. (c) Input samples added to B2, EOCA. (d) λ = 10. (e) Input samples added to B , IOCA. (f) Input samples added to
B2, EOCA.

with nonorthogonal ones. In this method, we regard the GS
procedure as computation of adaptive threshold. As proven
in [41], the GS procedure is a solution for least-squares
problem, i.e., minαi ,t,...,αk2 ,t �∑k2

i=1 αi,t bi − xt�2. In other
words, if we compute the coefficients using the least-squares
equation and then compute the residual vector, the result is
the same as using the GS procedure. More details about this
result are discussed in [35]. As a result, we can similarly
compute coefficients with the minimum norm least-squares
solution

α∗
t = (BT B)−1 BT xt (25)

r t = B2α
∗
t − xt (26)

to replace the step 17 in Algorithm 2 and the step 20
in Algorithm 2 with B2 = [B2, (xt/�xt�2)] to compute
nonorthogonal bases. The baseline method keeps the adap-
tive threshold computation, and all the other operations are
unchanged in EOCA.

Three results are presented on different settings. First,
we compare and show different results of EOCA when select-
ing different threshold functions, i.e., f (ω) = √

ω, f (ω) = ω,
and f (ω) = ω2, on the setting that N = 200. Moreover,
we report the results of the baseline ENCA with threshold
f (ω) = ω. The nonzero values of �I − BT

1 B1�2 show that
those bases learned by ENCA are actually nonorthogonal. The
result is reported in Table I. Then, we compare EOCA with
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TABLE II

RESULTS OF EOCA AND IOCA ON SYNTHETIC DATA WHEN N = 2000

IOCA [34] by employing IOCA and EOCA on the previously
generated data for N = 2000 with one outlier added at the
beginning, and the threshold is chosen as f (ω) = ω. The
result is reported in Table II. Finally, we visualize the learning
process when N = 1000, f (ω) = ω2, d0 = 30, and d = 100
and add five outliers in the beginning. The results are reported
in Fig. 4. When λ is noted as −, the N normal data x1, . . . , xN

are learned in random order, but the outlier x0 is not input.
We report the mean results of 100 runs.

When λ = 1, the outlier x0 can be seen as normal input.
When λ > 1, outliers first come in, and then, the other N data
are fed in random order. h is the times of subspace merging.

From Table I, we find that the threshold functions f (ω) =√
ω and f (ω) = ω often lead to a lower dimension estimation

and f (ω) = ω2 leads to a higher dimension estimation. This
result is similar to the experiment in [34]. On the whole,
the threshold function f (ω) = ω performs better. However,
when d0 = 10 and d = 100, the higher dimension estimation
of f (ω) = ω2 is more close to the ideal target. We can
find that f (ω) = ω2 provides a more loose threshold, and
EOCA learns more bases in the learning process. The situation
is contrary for the function f (ω) = √

ω. On the whole,
we believe that we can choose f (ω) = ω in all situations.
On the other hand, we can see that ENCA performs similarly
on some results (k, h) but worse than EOCA on the generation
of subspaces. They form a worse embedded space S than
the normal EOCA procedure evaluated by dist2(S0,S). For
orthogonality, the values of �I − BT

1 B1�2 computed by the
bases obtained in EOCA are about 10−15, so the bases can
be regarded as orthogonal, while the bases of ENCA is
completely nonorthogonal according to the results.

From Table II, we can find that when λ is large, the outlier
has less influence on the performance of EOCA than that of
IOCA. IOCA cannot adjust the extracted component during
learning. Due to the threshold policy in component extraction,
if λ is large, when x0 has been processed, the threshold
becomes too strict (Lmax is large). Combined with Fig. 4,
we can see that IOCA stops learning a new basis with outliers

processed when λ = 10. However, when λ = 2, we can see
that the number of subspaces IOCA learned is larger than the
EOCA learned and the ground truth. It indicates that IOCA
regards all the outliers as normal data. Therefore, outlier x0
at first is the worst case for IOCA. On the other hand, EOCA
is able to update the extracted component, and the target
dimensionality k determined by EOCA is more coincident with
d0 being the intrinsic dimension of the data set without x0.
Meanwhile, the dist2(S0,S) obtained by EOCA is smaller than
IOCA.

Comparing the results of EOCA in Tables I and II, we can
find that EOCA generates a better basis set with outliers
when more data are input and the times of subspace updating
increase. Also, we can find that the more EOCA conducts
component updating operation in the learning process, the less
effect of result that is caused by outliers. We already know
that updating operation is conducted at most (N/d) times.
Intuitively, when the number of data increases, EOCA will
perform more subspace updating operations and get better
results. Thus, we can conclude that EOCA performs better
with more data when outliers exist in the data set.

From Fig. 4, we can explore more on why subspace updat-
ing reduces the effect of outliers. In this figure, we show the
changing size of the basis set and whether the input sample is
learned as a new basis. The input samples added to the first
subspace B2 in EOCA are the same; namely, the first learning
stage of EOCA is, indeed, the same with B in IOCA. How-
ever, when B2 reaches a steady state, the subspace updating
process will be conducted. Thus, if there is enough data, more
subspaces B2 will be generated during the learning process of
EOCA. After subspace updating, the learned parameters of B2
are cleared, and the outliers, in the beginning, will not affect
the following adaptive threshold of B2. In other words, they
will only affect the first subspaces where they are learned, and
the following subspaces will be learned normally. The number
of outliers should be small and can only affect a small number
of subspaces. In a series of subspace adjustments, it is hard
for the small number of subspaces that are distorted by the
outlier to pollute the final result, and more combination with
normal subspaces will reduce the effect of polluted subspace.
Thus, compared with IOCA, EOCA is more robust on noisy
data set, especially when the outliers emerge at the beginning
of the data set. In summary, the component updating method
described in Algorithm 1 plays a key role in reducing the effect
of outliers. The comparison is also illustrated in Fig. 3.

We can draw the conclusion that, in the initial outlier case,
compared with IOCA, EOCA achieves better performance
with the help of the proposed online component updating
strategy.

B. Experiments on Real-Word Data

1) Noise-Free Data Sets: First, we compare EOCA with
incremental dimensionality reduction algorithms IOCA [34],
IPCA [49], CCIPCA [50], SGA [51], GHA [52], and nonlinear
PCA (nPCA) [53] in online environment. Also, the neural
network denoising autoencoder (DAE) is also compared with
a batch learning benchmark. In this experiment, we try to
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Fig. 5. Results on nonnoisy data sets of comparing method. Two metrics are compared, including RR and reconstruction error (E). The bar indicates the
mean and standard deviation. (a) Hill, RR. (b) Hill, E. (c) Ionosphere, RR. (d) Ionosphere, E. (e) ISOLET, RR. (f) ISOLET, E. (g) Musk, RR. (h) Musk, E.
(i) Sonar, RR. (j) Sonar, E. (k) Waveform, RR. (l) Waveform, E. (m) SensIT Vehicle, RR. (n) SensIT Vehicle, E. (o) USPS, RR. (p) USPS, E. (q) protein,
RR. (r) protein, E. (s) Optdigits, RR. (t) Optdigits, E.

validate the performance of EOCA in the common circum-
stances (without outliers). The reported results of these algo-
rithms are their average results obtained after ten executions,
in which the input order of the data sequence is randomly

generated. We compare the performance of these algorithms on
13 real-world data sets from several application fields and DAE
on three data sets, including MNIST, IJCNN1, and cifar10.
The details of these data sets are shown in Table III.
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TABLE III

DETAILS OF REAL-WORLD DATA SETS

After all the original data are transformed into low-
dimensional feature subspace learned from the training set,
the one-nearest neighbor classifier is employed for incremental
methods to classify the testing data. DAE employs softmax
classification layer and Adam optimizer with learning rate
of 0.001. DAE is first trained on overall reconstruction error
for hidden layers and then fine-tuned on classification error
for softmax and hidden layers. It is trained with masking-
noise, with corruption levels 30%. For nPCA, we use g(t) =
sgn(t)ln(1+α(t)) and α = 1. For SGA and GHA, the parame-
ters are set as α = 0.7 and c = 0.05. Two metrics are exploited
in the experiments, i.e., recognition rate RR and mean relative
reconstruction error E . RR is computed as the classification
accuracy of one-nearest neighbor classifier to evaluate whether
the learned components can be classified easily, and E is
computed as

E = 1

N

N∑
t=1

∥∥∥xt − ∑k
j=1 b j b�

j xt

∥∥∥
2

�x t�2
(27)

to testify whether the learned components can accurately
approximate the original data. E is computed before DAE fine-
tune with labels. The MNIST, Optdigits, Hill, IJCNN1, and
cifar10 data sets are normalized, and the others are remained
unchanged.

The experimental results are summarized in Fig. 5 and
Table IV. For the recognition rate, EOCA achieves competi-
tive results with comparing methods. We can conclude that,
on normal data sets, EOCA performs similar to incremental
methods with the data set not contaminated with noisy data.
DAE gets high RR but similar reconstruction error with other
incremental methods. From the result, we can also find that
the results on two metrics are not always consistent, i.e., the
best reconstruction of original data does not represent the best
classification accuracy with a 1-NN classifier. Also, EOCA
and IOCA perform similarly on the noise-free data sets.

2) Noisy Data Sets: To demonstrate the robustness of
EOCA, we add outliers into the real-world data sets and take
experiments again. On the noisy data set, we compare four
linear methods: IPCA, CCIPCA, IOCA, and EOCA. SGA and
GHA are sensitive to the noise that has a big norm, so they
behave not so good on the data sets with this noise type. Given

a data set X = {x1, . . . , x N }, we let

L = 1

N

N∑
i=1

�x i�2 (28)

and each outlier is generated in the form of 20L z; here, z is
a randomly generated unit vector. Their labels are randomly
picked from the original data set. To demonstrate the methods
on different noisy environments, we define noise rate C .
For each data set, �C N� outliers are generated, and they
are fed before the normal data. Different from the nonnoisy
environment, we do not shuffle the data sets in order to
demonstrate their performance on different noisy data. EOCA,
IOCA, IPCA, and CCIPCA are compared on these data sets,
and the target dimensionality k determined by EOCA is
employed by IPCA, CCIPCA, and nPCA. Table V reports the
average results of ten executions.

Comparing Table V with nonnoisy results, EOCA gets good
results and performs stable with noisy data. With more noise,
EOCA ranks better (from 16/24 best, i.e., it ranks best on
16 results out of all 24 results, to 20/24 best). On most data
sets, EOCA exceeds IOCA on both two metrics. We can find
that the numbers of OCs extracted by IOCA vary with the
noisy environment. In some settings, the dimension decreases
significantly. However, the dimension increases on other data
sets. This result is in accordance with that of synthetic data
with noise.

For EOCA, the outlier in which 	2-norm is large pushes it to
begin the next round of subspace generation earlier. Through
subspace merging, the extracted OCs are updated, and the
influence of the outliers is reduced. We can find that the results
of EOCA in Table V are similar (comparing different C and
normal data sets), while comparing methods perform worse
with more noise. Therefore, we believe that the proposed OC
updating strategy is effective in eliminating the influence of
outliers.

In summary, EOCA achieves competitive results with sev-
eral typical incremental dimensionality reduction methods on
the normal data set. Moreover, EOCA behaves more robustly
on data sets with outliers compared with the previous compo-
nent learning method IOCA (which only employs component
extraction method), IPCA, and CCIPCA. It shows that the
component updating process is effective in dealing with noisy
data in online data sets. Thus, we can conclude that EOCA is a
good choice for online data processing when outliers or noisy
data emerge at first in the data set.

3) Computational Complexity Comparison: As low time
cost is an excellent property for online learning, we compare
both the theoretical computational complexity and the actual
runtime for these comparing algorithms. The comparing results
are presented in Table VI. Although most of the fast methods
are the same complexity O(Ndk), the constant C before the
equation, the implement details, and the machine state will
influence the actual runtime. For nPCA, the matrix multipli-
cation will consume O(Ndk2), while the complexity of g(t)
is determined by the function. The actual runtime is recorded
on the noise-free data set using MATLAB tic/toc command.
We can see that, on the whole, the speed of these methods
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TABLE IV

RESULTS COMPARING DAE AND OTHER INCREMENTAL METHODS ON NORMAL DATA SET. IF DAE IS THE BEST RESULT, IT IS IN BOLD

TABLE V

PERFORMANCES OF EOCA AND COMPARING METHODS ON THE DATA SETS WITH OUTLIERS OF DIFFERENT NOISE RATE C . THE RESULT IS SHOWN

AS mean ± std AND THE BEST IN BOLD. IF THE PERFORMANCE OF EOCA IS BETTER THAN IOCA, IT WILL BE UNDERLINED. (a) C = 0.01.
(b) C = 0.1

can be roughly ranked as follows: I PC A < n PC A <
CC I PC A < I OC A ≈ E OC A < SG A ≈ G H A. Compared
with most methods, EOCA is, indeed, a fast method, with
small computational complexity and actual runtime.

VI. CONCLUSION

In this article, we propose a novel subspace orthogonal basis
updating algorithm. Based on the principal angles between
two given subspaces whose dimensionalities may be different,

the proposed basis updating algorithm is able to merge them
into one. Therefore, it can be employed in online incremental
subspace learning. Combining the online orthonormal com-
ponent extraction and updating, we design an incremental
algorithm EOCA for dimensionality reduction. As a universal
unsupervised algorithm, EOCA enjoys the advantages of low
computational complexity and automatic target dimensionality
estimation. The experimental results demonstrate that EOCA
is efficient and effective with more stability on noisy data sets.
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TABLE VI

COMPARISON OF CC AND ACTUAL RUNTIME OF DIFFERENT METHODS

In the future, the EOCA method can be improved in the
following aspect. EOCA is proposed as a linear dimensionality
reduction algorithm, which may not fit nonlinearly embedded
data. One solution is to combine the power of kernel technique
with EOCA.
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