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Throughput Maximization With Rate-Dependent Power
Consumption in Battery-Limited Multiuser Networks
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Abstract—This article proposes beamforming strategies for multiuser
communication networks by jointly considering the data rate and battery
lifetime of each user. We consider a practical power consumption model,
where the decoding power of each user device is a nonlinear function of
the data rate. We assume each user device is powered by a battery with
limited capacity. The power consumption of the user device determines the
expected battery lifetime which conforms to Peukert’s law. Two non-convex
optimization problems are considered based on two criteria: maximizing
the minimum of user throughputs (MaxMin) and maximizing the weighted
sum of user throughputs (MaxSum), during the battery lifetime. For the
MaxMin problem, we solve it by using a bisection search algorithm. For
the MaxSum problem, we propose an algorithm based on the successive
convex approximation, which can find a stable point that approximates
the optimum solution. Numerical simulations verify that the expected data
throughput of the multiuser system can be greatly improved by properly
choosing the beamforming strategies using the proposed algorithms.

Index Terms—Throughput maximization, multiuser communications,
rate-dependent power consumption, beamforming, battery lifetime.

I. INTRODUCTION

In modern wireless networks, the mobile devices are powered by
batteries with limited capacities. The power consumption of each
mobile device also depends on the decoding data rate. Therefore,
increasing the transmission data rate will not necessarily increase the
received data throughput because it also reduces the battery lifetime.
In order to maximize the expected data throughput of battery-limited
devices, we must jointly consider the battery lifetime and the data
rate.

The authors of [1] considered maximizing the total battery lifetime
under rate constraints in a device-to-device (D2D) network. They
formulated the problem as a resource allocation game and proposed
a resource auction algorithm. A similar problem was considered in [2],
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where an uplink resource sharing scenario was considered in a D2D
communication network. To maximize the sum data throughput during
the lifetime of all users, the authors formulated such a problem as a
power control game and introduced an iterative combinatorial auction
algorithm. The studies in [1], [2] considered single-antenna transmitters
and receivers. The authors of [3] solved a problem of maximizing
the total throughput and device lifetime for a point-to-point multiple-
input multiple-output (MIMO) system, through the asymptotic
analysis.

In this paper, we consider a downlink multiuser communication
network, where a multi-antenna transmitter sends independent data
streams to single-antenna devices (or users), simultaneously. Each
device is powered by a battery with limited capacity. The power
consumption for the decoding at the battery-limited device is a nonlinear
convex function of the data rate [4], [5]. The data rate of each device is
determined by the beamforming strategy at the transmitter. By properly
choosing the beamforming strategies, we can adjust the expected battery
lifetime and hence the expected data throughput of each device. We
consider two performance criteria for the system, i.e., maximizing
the minimum of the expected data throughput of all devices (called
MaxMin) and maximizing the sum of the expected data throughput
for all devices (called MaxSum). Efficient algorithms are proposed to
solve the two network optimization problems. Our contributions can be
summarized as follows:
� We consider a novel rate-dependent power consumption model

and take into account its impact on the nonlinear battery lifetime
for optimizing the data throughput. To the best of our knowledge,
jointly considering the rate-dependent power consumption and the
nonlinear battery lifetime model is a novel approach that cannot
be found in the existing literature.

� For the multi-antenna multiuser networks, we consider the
throughput maximization problems, in which the beamforming
strategies are optimized. Solving the optimization problems is
nontrivial, compared to the existing problems for the single-
antenna networks.

� We consider two important optimization criteria, namely MaxMin
and MaxSum, for throughput maximization in the multi-antenna
multiuser networks. To tackle the nontrivial MaxMin and Max-
Sum problems, we propose efficient and effective algorithms
based on the bisection search and the successive convex approx-
imation (SCA).

Notation: For a matrix or a vector, (·)∗ and (·)H stand for the
conjugate and the conjugate transpose, respectively. Ca×b denotes the
complex vector or matrix with the dimension of a-by-b. | · | and ‖ · ‖
stand for the absolute value of a complex number and the Euclidean
norm of a vector, respectively. x(n) denotes the value of x in the nth
iteration.

II. SYSTEM MODEL

In the considered multi-antenna multiuser networks, a transmitter
withM antennas sends multiple data streams toN single-antenna users
simultaneously in the same frequency channel. We consider a low-
mobility environment. The channel from the transmitter to the ith user
and its beamforming vector are denoted byhH

i ∈ C1×M , i = 1, . . . , N ,
and vi ∈ CM×1, respectively. Here, the transmit power is bounded by
P . The received signal-to-interference-plus-noise ratio (SINR) at the
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ith user can then be expressed as

SINRi({vi}) =
∣
∣hH

i vi

∣
∣

2

∑

j �=i |hH
i vj |2 + σ2

(1)

where σ2 is the noise variance at each user. The corresponding achiev-
able rate, which is the upper bound of the data rate, can be written
as

Ri = log2 (1 + SINRi({vi})) . (2)

The power consumption at the user side consists of two parts, the
circuit power and the decoding power. The circuit power is mainly
consumed by all the circuit blocks. Without loss of generality, it is
assumed to be static as pi for user i. On the other hand, the de-
coding power of the ith user is consumed for decoding the data bits
received from the transmitter. The decoding power can be modeled as
a function of its decoding data rate ri as brmi [4], [5], where b and
m (m ≥ 1) are the rate-dependent power consumption coefficients.
Therefore, the total power consumption of the ith user can be modeled as
follows:

Pi = pi + brmi . (3)

As mentioned, mobile users are usually powered by batteries with
limited capacities, which is a critical bottleneck for wireless communi-
cations. To capture this issue, the nonlinear effects must be considered
for battery discharges. A widely used empirical model for battery
lifetime estimation is Peukert’s law [2], [6]. According to Peukert’s
law, the expected battery lifetime of the ith user can be calculated
as

Ti =
Ci

Iai
=

Ci

(Pi/Ui)a
=

CiU
a
i

(pi + brmi )a
(4)

whereCi andUi denote the battery capacity and the operating voltage of
user i, respectively, and a (a > 1) is the battery energy decay exponent.
Peukert’s law implies that there exists a fundamental tradeoff between
the battery life and the decoding data rate. Considering Peukert’s law,
the expected decoding data throughput of the ith user, which is the
expected amount of data bits received during its battery life, can be
regarded as a function of ri as follows:

di(ri) = riTi =
ri

(pi + brmi )a
CiU

a
i . (5)

Such a metric di(ri) takes into account the tradeoff between the battery
life and the decoding data rate, and it is a more practical performance
criterion than the achievable rate Ri for battery-limited wireless com-
munications.

III. OPTIMIZATION PROBLEMS

Two optimization problems, namely maximizing the minimum of
the expected data throughput of all users (MaxMin) and maximizing
the sum of the expected data throughput for all users (MaxSum)
during the battery lifetime, are formulated and solved in the sequel.

A. MaxMin Problem

To guarantee fairness among all users, the MaxMin problem is
considered. The MaxMin optimization is an egalitarian approach, which
guarantees as much as possible data throughput to each user of the
network. This is relevant, e.g., in networks where the data volumes that
need to be delivered to each user are similar. We design the beamforming
vector vi and decoding data rate ri for user i, ∀i = 1, . . . , N , based on

the MaxMin criterion. Such an optimization problem can be formulated
as

max
{ri},{vi}

min
1≤i≤N

di(ri) (6a)

s.t. ri ≤ Ri, ∀i = 1, . . . , N (6b)

N∑

i=1

‖vi‖2 ≤ P (6c)

where the objective function in (6a) is the minimum data throughput
during the battery life; the first constraint (6b) comes from the fact
that the decoding rate is no greater than the achievable rate, and the
second constraint (6c) is for the transmit power limit. Using (2) and an
auxiliary variable t, the non-convex optimization problem (6) can be
equivalently converted to

max
t,{ri},{vi}

t (7a)

s.t. di(ri) ≥ t, ∀i = 1, . . . , N (7b)

2ri ≤ 1 + SINRi({vi}), ∀i (7c)

(6c). (7d)

The auxiliary variable t serves as a lower-bound threshold for the data
throughput of all users. By maximizing t, we equivalently maximize
the minimum throughput of all users.

The throughput di(ri) is a nonlinear non-convex function of ri. Thus
(7) is still difficult to solve. The following property will be used to devise
an efficient algorithm to tackle the MaxMin problem in (7):

Property 1: The decoding data throughput di(ri) is a unimodal
function of ri, which has only one peak value. The critical point rsta

i

and the corresponding maxima di(r
sta
i ) can be respectively expressed

as

rsta
i = m

√
pi

(am− 1)b
, (8a)

di(r
sta
i ) =

(am− 1)(a−
1
m )

p
(a− 1

m )

i (am)ab
1
m

· CiU
a
i . (8b)

Proof: The first derivative of di(ri) with respect to ri is as follows:

d′i(ri) =
∂di(ri)

∂ri
=

pi − b(am− 1)rmi
(pi + brmi )(a+1)

CiU
a
i . (9)

The function di(ri) has a single critical point and is maximized
when d′i(ri) = 0. The critical point rsta

i and the corresponding maxima
di(r

sta
i ) can be derived as (8a) and (8b), respectively. Moreover, from

the fact that d′i(ri) > 0 if ri < rsta
i and d′i(ri) < 0 otherwise, we can

conclude that di(ri) is a unimodal function of ri. This is numerically
verified in Fig. 1 as well. �

Based on Property 1, the optimum solution of t in (7) can only lie
in the range [0,mini di(r

sta
i )]. Moreover, for each user i, we only need

to consider the data rate range of ri ∈ [0, rsta
i ] for the achievable data

throughput because the throughput is monotonically decreasing outside
that range. We propose a bisection method to obtain the optimum
solution of (7) as in Algorithm 1. Note that the proposed method can be
readily extended to incorporate the quality-of-service (QoS) constraints
into the MaxMin problem.

Algorithm 1 first initializes the search space of t, i.e., [tmin, tmax], to
the possible range of the optimum solution for t in Step 1. In each iter-
ation, we set the value t as the target data throughput. In Step 4, we find
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Fig. 1. Decoding data throughput function di(ri) when pi = 0.3, b = 0.04,
m = 1.2. Here CiU

a
i are normalized to 1.

Algorithm 1: Bisection Method for the MaxMin Problem.
1: Initialize tmin = 0 and tmax = mini di(r

sta
i );

2: while tmax − tmin > ε do
3: Set t = (tmin + tmax)/2;
4: Find the numerical solution {ri} for the nonlinear equation

di(ri) = t, where ri ∈ [0, rsta
i ], using the Newton-Raphson

method [7, Section 7.1];
5: Solve the following optimization problem for the obtained

solution {ri}:

min
{vi}

N∑

i=1

‖vi‖2

s.t. SINRi({vi}) ≥ 2ri − 1, ∀i. (10)

6: if the solution of (10) satisfies
∑

i ‖vi‖2 ≤ P , i.e., the data
rates {ri} are jointly achievable by all the users then

7: Set tmin = t; store the feasible {vi};
8: else
9: Set tmax = t;

10: end if
11: end while

the corresponding data rate ri for the data throughput t by solving the
nonlinear equation in the range of ri ∈ [0, rsta

i ]. According to Property 1,
there exists only one solution for each equation in the considered range
of ri. In Step 5 and 6, we test whether such data rates {ri} obtained
in Step 4 are jointly achievable for all users by checking the minimum
required transmit power in (10). Such a problem can be converted to
a second-order cone programming (SOCP) problem [8] and readily
solved by fast iterative algorithms [9]. By iteratively updating the value
of t using the bisection method, we obtain the maximum value of t
that is jointly achievable for all users. Furthermore, we introduce the
following remark:

Remark 1: When ε is sufficiently small, the result produced by
Algorithm 1 is sufficiently close to a global optimum solution of (6).

Proof: See Appendix A. �

B. MaxSum Problem

Focusing on the whole network performance rather than the fairness,
the MaxSum approach aims to maximize the sum throughput of all

users. The MaxSum problem is formulated as:

max
{ri},{vi}

N∑

i=1

widi(ri) (11a)

s.t. (6b) and (6c) (11b)

wherewi > 0 denotes the weight for the ith user data throughput. Since
the objective function of (11) is neither convex nor concave, it is also
intractable to directly solve the MaxSum problem. By introducing ad-
ditional variables {ti}, {Γi}, {zi} and denoting the set of optimization
variables as Ω = {{ri}, {vi}, {ti}, {Γi}, {zi}}, we can equivalently
reformulate (11) as:

max
Ω

N∑

i=1

witiCiU
a
i (12a)

s.t. ti ≤ ri
zi
, ∀i = 1, . . . , N (12b)

ri ≤ log2 (1 + Γi) , ∀i (12c)

zi ≥ (pi + brmi )a , ∀i (12d)

∑

j �=i

∣
∣hH

i vj

∣
∣

2
+ σ2 ≤

∣
∣hH

i vi

∣
∣

2

Γi

, ∀i (12e)

(6c). (12f)

Moreover, the constraint (12b) can be equivalently written as

(ti + zi)
2

4
≤ (ti − zi)

2

4
+ ri, ∀i. (13)

Because the right-hand-side (RHS) of (13) and (12e) are both convex
functions, the problem (12) is still non-convex. We propose to replace
the RHS functions of (13) and (12e) with their first-order approxima-
tions as the surrogate functions. In particular, due to the convexity of
both functions, we have

ϕ(n)(ti, zi, ri) �
t
(n)
i − z

(n)
i

2
(ti − zi) + ri −

(

t
(n)
i − z

(n)
i

)2

4

≤ RHS of (13), ∀i (14)

ζ(n)(vi,Γi) �
2Re

{(

hH
i v

(n)
i

)∗
hH
i vi

}

Γ
(n)
i

−

∣
∣
∣hH

i v
(n)
i

∣
∣
∣

2

(

Γ
(n)
i

)2 Γi

≤ RHS of (12e), ∀i (15)

where {t(n)
i }, {z(n)

i }, {Γ(n)
i }, and {v(n)

i } are the given values in
the nth iteration (the iterative algorithm will be shown shortly). The
functions ϕ(n)(ti, zi, ri) and ζ(n)(vi,Γi) are the first-order approxi-
mations of the RHS functions of (13) and (12e) around (t

(n)
i , z

(n)
i ) and

(v
(n)
i ,Γ

(n)
i ), respectively.

By substituting ϕ(n)(ti, zi, ri) and ζ(n)(vi,Γi) for the RHS func-
tions of (13) and (12e), the problem (12) can be approximated by the
following problem in the (n+ 1)th iteration:

max
Ω

N∑

i=1

witiCiU
a
i (16a)

s.t.
(ti + zi)

2

4
≤ ϕ(n)(ti, zi, ri), ∀i = 1, . . . , N (16b)

∑

j �=i

∣
∣hH

i vj

∣
∣

2
+ σ2 ≤ ζ(n)(vi,Γi), ∀i (16c)

(12c), (12d), and (6c). (16d)
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Algorithm 2: SCA Method for the MaxSum Problem.
1: Choose random initialization of the beamforming vectors

{v(0)
i } such that they can fulfill the power constraints:

∑N
i=1 ‖v(0)

i ‖2 ≤ P ;

2: Initialize Γ
(0)
i as Γ(0)

i =
|hH

i
v
(0)
i

|2∑
j �=i

|hH
i

v
(0)
j

|2+σ2
, ∀i;

3: Calculate r
(0)
i = log2(1 + Γ

(0)
i ), ∀i;

4: Initialize z
(0)
i as z(0)

i = (pi + b(r
(0)
i )m)a, ∀i;

5: Initialize t
(0)
i as t(0)

i = r
(0)
i /z

(0)
i , ∀i;

6: Set n = 0; obj(0) = 0;
7: repeat
8: For the given values of {t(n)

i }, {z(n)
i }, {Γ(n)

i }, and {v(n)
i },

solve (16) to obtain the solutions for {{ri}, {vi}, {ti},
{Γi}, {zi}};

9: Compute obj(n+1) =
∑N

i=1 witiCiU
a
i and Δ =

|obj(n+1) − obj(n)|;
10: Let v(n+1)

i = vi, t
(n+1)
i = ti, Γ

(n+1)
i = Γi, and

z
(n+1)
i = zi, ∀i;

11: Set n = n+ 1;
12: until Δ < ε, where ε > 0 is the tolerance level.

Since the problem (16) is now a convex optimization problem for given
{t(n)

i }, {z(n)
i }, {Γ(n)

i }, and {v(n)
i }, we can readily solve it and update

the values of the involved variables in the next iteration. Algorithm 2
outlines the proposed algorithm. By initially generating a feasible solu-
tion of (12) atn = 0 and successively solving the approximated convex
problem (16), the obtained solution approximates further accurately
the optimum solution of the original MaxSum problem (11) in each
iteration [10]–[12].

Because of (14) and (15), the optimal solutions obtained at the nth
iteration for (16) are also feasible for the (n+ 1)th iteration. Thus,
Algorithm 2 produces a nondecreasing sequence of objective values
obj(n) in each iteration [11], i.e., obj(n+1) ≥ obj(n). Furthermore, the
sequence of objective values obj(n) is bounded from above due to the
power constraint (6c). Therefore, the convergence of Algorithm 2 is
guaranteed.

C. Complexity Analysis

Algorithm 1 needs to solve N nonlinear equations and the power
minimization problem (10) in each iteration. The complexity to
solve the N nonlinear equations using the Newton-Raphson method
is O(N log(ξ)), where ξ is a constant depending on the required
precision of the solution. If interior-point methods are applied to
solve (10), the computational complexity isO(N 4.5M 2 log ε−1

1 ), where
ε1 is the required accuracy of the duality gap termination [13]. As-
sume mini di(r

sta
i ) ≤ B, where B is a constant. The required iter-

ation steps of Algorithm 1 is O(log2(B/ε)). Therefore, the total
computational complexity of Algorithm 1 is O((N 4.5M 2 log ε−1

1 +
N log(ξ)) log2(B/ε)).

In Algorithm 2, a series of convex optimization problems (16) need
to be solved. The problem (16) involves both exponential cone con-
straints (12c) and power cone constraints (12d). The exponential cone
constraints (12c) can be approximated by second-order cones (SOCs)
using a concave lower bound of the logarithmic function as in [12].
The power cone constraints (12d) can be converted to SOC constraints
using the transformation as in [14, Section 3.3]. The computational
complexity to solve the converted SOCP problem of (16) by using the
interior-point methods isO((N 4.5M 2 +N 3.5M 3) log ε−1

2 ), where ε2 is

Fig. 2. Convergence comparison of data throughput for MaxSum and MaxMin
schemes when M = 4 and N = 3.

its required accuracy of the duality gap termination [13]. Assume Lmax

iterations are performed in the worst case. The worst-case complexity
of Algorithm 2 is then O((N 4.5M 2 +N 3.5M 3)Lmax log ε

−1
2 ).

In general, the theoretical computational complexity of Algorithm 2
is higher than that of Algorithm 1. This is because more auxiliary
variables and constraints need to be considered in (16) than (10). Further
results on the complexity comparison of the proposed algorithms will
be given in the next section.

IV. SIMULATION RESULTS AND DISCUSSION

In the following simulations, power-related parameters are set as [2]:
the fixed power consumption at each user pi = 0.3 Watt, ∀i; the rate-
dependent power consumption coefficient b = 0.04; the rate-dependent
power consumption exponent m = 1.2; and the Peukert constant a =
1.05. The weights for the MaxSum problem are set to wi = 1, ∀i, in
the simulations.

The convergence results of the MaxMin scheme using Algorithm 1
and the MaxSum scheme using Algorithm 2 are shown in Fig. 2 for one
channel realization. Here the number of transmitter antennas and users
are four and three, respectively, i.e.,M = 4 andN = 3. We observe that
Algorithm 1 and 2 converge within approximately 10 and 5 iterations,
respectively. In Algorithm 1, the value of tmax decreases while that of
tmin increases monotonically as the number of iterations increases. In
Algorithm 2, the objective value obj(n) increases monotonically until
it converges.

The average total and per-iteration solving time comparison for the
proposed algorithms is shown in Fig. 3, where the number of transmitter
antennas is 12. The tolerance level ε in Algorithm 1 and ε in Algorithm 2
are both set to 10−4. The simulations are performed on a computer
with an Intel i7-6700 processor and the convex problems are solved
with the MOSEK solver [15]. We observe that the per-iteration solving
time for the MaxSum scheme is approximately 1.9 to 2.7 times that of
the MaxMin scheme and the solving time for both schemes increases
with the number of users. The average number of iterations for the
MaxMin scheme is 17, which remains unchanged as N increases.
The average number of iterations for the MaxSum scheme is between
5 and 41, which also increases with N . The simulation results of
the solving time comparison conform to our theoretical complexity
analysis.

For the average user throughput (denoted by “average”) and the min-
imum user throughput (denoted by “min”), we compare the proposed
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Fig. 3. Average total and average per-iteration solving time comparison when
M = 12.

Fig. 4. Average and minimum user throughputs across SNR, when M = 4
and N = 3. Here CiU

a
i are normalized to 1.

schemes with two widely used multiuser schemes, i.e., the zero-forcing
(ZF) and matched filtering (MF) transmission schemes [16]. We op-
timize the power allocation of each data stream for the ZF and MF
schemes to maximize the minimum and sum of user data through-
puts, when comparing them with the MaxMin and MaxSum schemes,
respectively. The signal-to-noise ratio (SNR) is defined as P/σ2 in
the simulation. To obtain each point in the results, 500 independent
channels are realized. Here, each complex channel element conforms
to a standard normal distribution.

In Fig. 4, the average and minimum user throughputs across SNR
are shown for the considered schemes when the transmitter has four
antennas and there are three single-antenna users, namely, M = 4 and
N = 3. The throughputs of all the considered schemes increase with
SNR. We observe that the proposed schemes greatly outperform the ZF
and MF schemes. This is due to the optimized joint design of beam-
forming and decoding data rates, which impacts the expected battery
lifetime. For the average and minimum throughputs, the MaxSum and
MaxMin schemes outperform the ZF scheme by about 5 dB and 8 dB,
respectively. Furthermore, the ZF scheme increases much faster with
the SNR compared to the MF scheme. This is because the ZF scheme

Fig. 5. Average and minimum user throughputs across N , when M = 12 and
P/σ2 = 10 dB. Here CiU

a
i are normalized to 1.

exploits the spatial degrees-of-freedom at high SNR and can achieve a
higher throughput compared to the MF scheme, while the MF scheme
suffers from the inter-user interference and its throughput saturates at
high SNR. The MaxMin scheme has lower average throughput than
the MaxSum scheme; however, it achieves higher minimum throughput
compared to the MaxSum scheme. Since each user’s throughput is upper
bounded by di(r

sta
i ), the user throughput curve will eventually saturate

as the SNR increases.
In Fig. 5, the average and minimum user throughputs are shown

across the number of users when M = 12 and P/σ2 = 10 dB. As
expected, the user throughputs generally decrease with the number of
users. Again, we observe that the MaxSum and MaxMin schemes still
achieve the highest average and minimum throughputs, respectively.
The MF scheme outperforms the ZF scheme in this result because the
SNR in this scenario is medium. The impact of inter-user interference on
the user side increases with the number of users N in the MF scheme.
Therefore, the gap between the average throughputs of the MF and
ZF schemes decreases with the increase of N . Since the MaxMin and
MaxSum schemes take advantage of the joint design of beamforming
and data rates, their average and minimum throughputs are more than
60% higher than those of the MF and ZF schemes, respectively.

V. CONCLUSION

In this paper, data throughput maximization problems during the
expected battery lifetime are considered under multiuser environments.
The battery lifetime is an important factor in the design of wireless net-
works. We formulated two problems that maximize either the minimum
of user throughputs (MaxMin) or the weighted sum of user throughputs
(MaxSum), and proposed efficient algorithms to solve both problems.
Simulation results verified that the proposed algorithms can greatly
improve the data throughput within the battery lifetime.

APPENDIX A
PROOF OF REMARK 1

Without loss of generality, we assume mini di(r
sta
i ) is not jointly

achievable by all users. Otherwise, the MaxMin throughput solution
is simply mini di(r

sta
i ). In this case, we first denote the optimum data

throughput of (7) as topt. The corresponding data rates that achieves
topt are denoted by {ropt

i }, where di(r
opt
i ) = topt, ∀i. By definition, any
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data throughput t, where topt < t ≤ mini di(r
sta
i ), cannot be jointly

achieved by all users. We then consider data throughput t, where
0 ≤ t < topt. Because the data throughput is monotonically increasing
with the data rates in the range [0,mini di(r

sta
i )], the corresponding data

rates {ri}, such that di(ri) = t, must satisfy ri ≤ ropt
i , ∀i, according

to Property 1. Since {ropt
i } is jointly achievable by all users, the

data rate {ri} is also jointly achievable. Thus, any data throughput
t ∈ [0, topt] is achievable by all users. Therefore, by initializing tmin = 0
and tmax = mini di(r

sta
i ), tmax and tmin in Algorithm 1 monotonically

converge to topt. When ε is sufficiently small, the solution of t produced
by Algorithm 1 is sufficiently close to topt.
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