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Abstract—Manifold Learning methods aim to find meaning-
ful low-dimensional structures hidden in their high-dimensional
observations. Recently, they are faced with critical problems of
how to reduce computational and space complexity in big data
applications, how to determine neighborhood size adaptive to
different data sets and how to deal with new observations in an
out-of-sample mode. This paper presents a new method called
TLOE (Topology Learning and Out-of-sample Embedding) to
deal with the above three problems. TLOE uses the competitive
Hebbian rule to construct the topology preserving network on
a given manifold. It is capable of: 1) automatical selection
of the right number and position of landmarks, 2) adaptive
determination of neighborhood sizes for landmarks and 3) online
embedding of new observations. Experiments on both synthetic
and real-world data sets show its promising results.

I. INTRODUCTION

Dimensionality reduction is to find a meaningful low-
dimensional parameterization of high-dimensional observa-
tions. In other words, it associates low-dimensional coordi-
nates to data while preserving their similarities in the high-
dimensional space. Thus dimensionality reduction methods
usually consist of two steps: similarity estimation and struc-
ture preserving embedding. In the first step, traditional linear
methods such as PCA (Principal Component Analysis) and
MDS (Multidimensional Scaling) regard Euclidean distances
between data as their similarities. And in the second step, PCA
maximizes the variance of data and MDS preserves pairwise
Euclidean distances in the low-dimensional space. However,
Euclidean distances are not able to estimate the similarities in
data sets containing essential nonlinear structures, thus linear
methods such as PCA and MDS fail to detect the true degrees
of freedom of those data sets [1].

Isomap [1] is the first to introduce geodesic distance to
measure the similarities between data in the high dimensional
space. It is a globally optimal solution and opens up a
new field called “manifold learning”. Although Isomap works
well on many data sets, it has three drawbacks that hold
up its real-world applications. The first is its computational
inefficiency and space complexity. The computational com-
plexity of shortest path distances in k-nearest-neighbor graph
is O(kN?log N) and complexity of MDS is O(N?3), where
N is the number of data points [2][3]. The space complexity
is O(N?), which will cause out-of-memory errors in big
data application. The second is neighborhood determination.
Large neighborhood size introduces short-circuit edges into the
neighborhood graph, and small size makes the graph become
too sparse to approximate geodesic paths accurately [4]. The
third is new observations embedding. Isomap has to retrain
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the whole data set with new samples because the neighbor-
hood graph is updated after the addition of new samples
[5]. Many methods have been proposed to deal with those
three drawbacks separately: L-Isomap methods to improve the
computational efficiency [6][8], adaptive methods to select the
local neighborhood sizes [12][13], and out-of-sample methods
to embed new observations without retraining the whole data
set [5][7]. However, there is still no method to address all
the above three problems. Solutions to one problem may even
amplify the other two problems. That makes existing manifold
learning methods incapable for real-world applications.

This paper proposes a new method TLOE (Topology
Learning and Out-of-sample Embedding) to deal with the
above three problems at the same time. It constructs topology
preserving graph G to select the right number and position of
landmarks. Besides, the neighborhood size for each landmark
is determined adaptively in G. Moreover, TLOE is able to
embed new observations without retraining the whole data set.
All calculations in TLOE are based on landmarks only, which
reduces much of the computation and space complexity in real-
world application.

II. TOPOLOGY LEARNING AND OUT-OF-SAMPLE
EMBEDDING

It is obvious that in real-world applications, we need
landmarks to reduce the computational and space complexity.
However, existing L-Isomap methods are not able to determine
appropriate position and number of landmarks. That will
magnify short—circuit errors [8]. Besides, the neighborhood
size k is determined by users empirically, which is demanding
and unreliable [4]. Furthermore, there may be considerable
variance of data density and distribution on a given manifold.
Thus each landmark needs to adapt the neighborhood size to
the local data density, instead of using the same neighborhood
size k as all the other landmarks. In TLOE, we use competitive
Hebbian rule to construct network G on the manifold M. It
is able to determine the reasonable number and position of
landmarks automatically, and determine the neighborhood size
of each landmark adaptively. It will prove later in Section 3
that with competitive Hebbian rule, the network GG constructed
by TLOE is a topology and path preserving network of M.

Although L-Isomap methods reduces computational com-
plexity for Isomap, they do not reduce any space complexity.
They still have to calculate the N x N Euclidean distance
matrix D. Based on D they calculate the geodesic distances
between landmarks. That will be a huge amount of space
complexity, which may cause out-of-memory errors in big
data applications. What’s more, large amounts of data are
emerging every second in the age of big data. Due to the
high computational and space complexity, it is not possible
to retrain the whole data set in order to embed new data
points. TLOE seeks to embed new observations onto the low-
dimensional space without retraining the whole data set. It



uses network G to preserve the topology of the data in the
high-dimensional space. Based on the similarities between new
observations and landmarks, the low-dimensional coordinates
of new observations will be figured out easily.
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The entire work flow of TLOE (Fig 1) is as follows:
given a training set distributed on a manifold M, TLOE
constructs the neighborhood graph G based on competitive
Hebbian rule. The graph G determines the landmarks and their
connections. Then TLOE calculates the similarities between
landmarks with shortest path algorithm and get the geodesic
distances matrix D¢. After that, TLOE embeds the landmarks
onto the low-dimensional space with MDS. The embedded
landmarks preserve the topology of M in low-dimensional
space. When a new observation ¢ comes, TLOE estimates the
similarities between ¢ and landmarks in the high-dimensional
space and gets the geodesic distances vector Dg. Afterwards,
LMDS (Landmark MDS) [3] is used to embed & onto the
low-dimensional space. In TLOE, we use geodesic distances
to measure the similarities in the high-dimensional space, and
we use Euclidean distances to measure the similarities in the
low-dimensional space.

A. Construction of the neighborhood graph G

Consider a training set of IV data points {z1,2,..., TN}
distributed on manifold M from high-dimensional space. We
will construct the neighborhood graph G by learning the
topology of M. The construction algorithm is enlighted by
Self-organizing incremental neural network (SOINN) [9][10].
The true topology of M is hidden behind the distribution of
data points. G consists of landmark set A and connection set
C. The landmark set A is initialized to contain two landmarks
by: A = {Ly, Lo},where Ly, Lo are two randomly selected
data points. C' is the set of neighborhood relationships between
landmarks. It is set to () with no initial connection between L1,
L. Local accumulated number M, is used to record the ac-
tivation times of landmark L,. We set M, = My, = 0. Their
similarity thresholds T7,, = T, = ||L1 — L2||, which denote
the activation scopes for landmarks. Each connection has an
age as an outdate degree and we initialize age(r,, r,) = 0.

When the data point z;(;—; 5. n) comes, we search land-
mark set A for the winner s; and second winner so by:

s1 = arg min ||z; — || (1)
T€EA
sg = argmin ||z; — || 2)
z€A\{s1}
where ||-|| represents the Euclidean distance in the high-

dimensional space.

If the similarities between x; and first two winners are
more than their similarities threshold:

|zi — sz > Ts, 3)

that means x; is a new landmark and we add z; into A. Then
we deal with the next coming data point x;4.

|z — s1|| > Ts, or

If condition (3) is not satisfied, z; is not a new landmark.
Then connection establishing and strengthening are conducted
based on the competitive Hebbian learning rule. If there is
no connection between s; and so, we create the connection
(s1,52) and add it to connection set C. Its age age(s, s,) is
set to O to represent the connection is newly established or
strengthened:

C=CU(s1,52) and agegs,s,) =0 @)

Then we add 1 to the the local accumulated number of
signals M, and the age of all edges emanating from s;:

age(s, ;) = ag€(s,,r;) + 1 and Mg, =DM, +1 (5)
that means s; has been activated one more time.

To learn the true topology of manifold M, the winner
landmarks adapts their locations slowly to the input data by:

s1 =81 +e(t) ||z — s1]] (6)
sy = 859 +&'(t) || — s (7)
where e(t) = 1, /(1) = 1.

After a period of learning, landmarks that are connected at
an early stage may be far away. One indication is that their
connection age becomes greater than a predefined threshold
age age,, .. We remove its connection from C' to update the
neighborhood graph G.

The threshold 75, and T,, are updated to the largest
distance between si, s2 and its neighbors respectively:

T, = argmax ||z — sq| )
(z,s1)eC

Ts, = arg max ||z — sa| ©)
(z,s2)eC

that means for each landmark, all neighbors are within its
activation scope. After that, we deal with the next coming data
point ;4.

In order to denoise in real-world application, we remove
the outliers every A data points are learned. For all landmarks
in A, if L; has only one neighbor and M7, is less than an
adaptive threshold M,,;, , we remove it from A.

After all the data points are learned, we get the network
G containing landmark set A = {Lj;—y,.. )} and the
connection set C' we needed. n is the number of landmarks
that is determined automatically.



B. Similarities estimation for landmarks

We apply shortest path algorithm to each landmark L;(i =
1,---,n) to calculate the geodesic distances between L; and
other landmarks in G. It will prove later in Section 3 that
the union of all edges in G constructed by TLOE is a path
preserving presentation of M.

At first, we initialize two sets by:

where S contains the landmarks whose geodesic distances to
L; has been calculated, while landmarks in U remain to be
addressed.

The similarity matrix is denoted by Dg. Obviously,
D¢ (i,1) = 0. For all landmarks in U, if L; and L; are neigh-
bors, which means (L;, L;) € C, then D¢ (4, ) = ||L; — Lj||;
otherwise D¢ (i,7) = oo.

We select the L;’s nearest landmark L; from U, which
means L; = argmin Dg(4,5), and add L; into S. Then we
update S and U by:

S=SU{L;} and U=U-{L;} (11)

For each landmark L; remains in U, if L; and L are
neighbors and D¢ (4,7) + ||L; — Li|| < D¢ (i, k), there is a
shorter path from L; to Ly, via L;. Then we update the distance
from to L; to Ly by:

Dq(i, k) = Da(i, ) + |1 Ly — Li|| (12)

We repeat the above operations until S = A,U = (). After
that, the geodesic distances calculation between L; and other
landmarks in G is finished. We select the next landmark L;,
to go through the same calculation process as L;. When all
landmarks finish their calculation, we get the needed similarity
matrix Dg.

C. Landmarks embedding

Based on the principle of similarities preservation, we
can get the low-dimensional coordinates of the landmarks.
We apply MDS on the similarity matrix Dg to embed the
landmarks.

Firstly, we get the squared distance matrix A, and calculate
its mean column vector by:

An(i»j):DG(ivj)*DG(ivj)v(ivj:17"' vn) (13)

— —
Oy =01+ 02+ +,)/n, (14)

—
where J; denotes ith column of A,,.

Then we construct the mean-centering matrix H, and the
mean-centered “inner-product” matrix By, by:

Holir) = 6,3 - (s)

1

where 4(3, j) equals to 1 when ¢ = j, and O when 7 # j.

After that, we compute d largest eigenvalues of B, to-
gether with an orthonormal set of eigenvectors. Ay, --- , A\g
and vi, e ,12; denote for the eigenvalues and corresponding
eigenvectors. d is the dimensionality of low-dimensional space.

Finally, the landmarks are embedded by the obtained
eigenvalues and eigenvectors:

T
VAL U1
T
Vs - U5
L= N (17)
LT
V- Vg
— —
columns [q,--- ,l, of L (each vector has d features) are low-
dimensional coordinates of landmarks.
D. Similarities Estimation between New Observations and
Landmarks

One advantages of TLOE is the capability to deal with
new observations. When the new observation & comes, we
need to estimate its similarities to all landmarks in the high-
dimensional space. The similarity vector is denoted by Dy.

We find the nearest landmark L, and estimate similarities
between £ and all the other landmarks via L:

L, =argmin || — || (18)
TEA

DS(& Li) = ||§ - La” + DG(aa Z) (19)

E. New Observations Embedding

At this stage, we have gathered all the information needed
to embed & onto the low-dimensional space. The embedding
principle is similarities preservation based on LMDS [3].
In low-dimensional space, the similarities are indicated by
Euclidean distances.

First of all, we compute squared distances between & and
landmarks:

5:(i) = Dy(€, Li) * Dal€. Ly) (20)

After that, the pseudoinverse transpose matrix is computed
with eigenvalues and eigenvectors of Bj,:

T
TR
v /v

L# = 1)
.
va /v
Finally, we embed the new observation £ by:
1 " — —
le = —§L (0 —0u) (22)

where §,, is the mean vector by formula (14).

Now we get the low-dimensional coordinate of the new
observation ¢. The embedding process is between & and
landmarks only without retraining the whole data set.



III. ANALYSIS

In this section, we prove the correctness and efficiency of
TLOE. Firstly, we introduce briefly about how TLOE based
on competitive Hebbian rule forms perfect topology preserv-
ing maps and path preservation representations of manifold.
Secondly, we analyze the computational and space complexity
of TLOE, compared with Isomap and L-Isomap methods.

A. Competitive Hebbian Rule Learns Topology of Manifolds

The proof in [11] that competitive Hebbian rule learns
topology of manifolds can be summarised as follows:

The graph G formed by competitive Hebbian rule is
Delaunay triangulation. If the distribution of the nodes in G is
dense on the given manifold M, then G is the induced Delau-
nay triangulation D). Thus G forms a perfectly topology
preserving map of M.

Besides, if the distribution of the nodes in G is dense
on M, the induced Delaunay triangulation D™M) hags the
additional property that each edge of D) lies completely on
M. The union of all edges of D) forms a path preserving
representation of M.

In TLOE, we construct G with competitive Hebbian rule by
formula (1),(2) and (4), thus G is Delaunay triangulation. To
ensure the distribution of the landmarks of G is dense on M,
we add new landmarks if condition (3) is satisfied. Condition
(3) is used to meet the Definition 6 in [11]. Therefore, graph
G constructed by TLOE is the induced Delaunay triangulation
D™) and forms a perfectly topology preserving map of M (by
Theorem 3 in [11]). Since each edge of D) lies completely
on M, the union of all edges of G forms a path preserving
representation of M (by Theorem 4 in [11]).

B. Computational and Space Complexity Analysis

Isomap calculates the N x N Euclidean distance matrix D
first, which takes O(N?) time. Then it uses Dijkstra algorithm
to calculate the N x N shortest-path distance matrix Dy,
which is in O(kN?log N) time. The neighborhood size k
is determined by users empirically. In the final step, MDS
eigenvalue calculation on the full Dy is in O(N?) time. The
space complexity of Isomap is O(NN?) to store D and Dy.

L-Isomap methods address the inefficiencies of Isomap by
designating n landmarks, where n < N, in the first step.
There are a few accepted ways to determine the position of
landmarks. Random selection is in O(1) time. Kmeans and
Maxmin methods are both in O(nN) time. In the second step,
they calculate D(N x N) just as Isomap and takes O( N?) time.
Thirdly, instead of calculating the Dy (N x N), they compute
the n x N matrix D, n of distances from each data points
to the landmarks only. The third step takes O(knN log N)
time. The neighborhood size k is still determined by users
empirically. Finally, LMDS based on D,, y is in O(n?N) time.
The space complexity of L-Isomap is also O(NN?2) to store D.

TLOE constructs the topology and path preserving graph G
by competitive Hebbian rule. The construction step determines
the right number and position of landmarks, and establishes
neighborhood relations between landmarks. It takes O(nN)

time. In the second step, it calculates the n x n shortest-
path distance matrix D, between the landmarks only. That
step takes O(mn?logn) time, where m is the average neigh-
borhood size between landmarks in G. There is no k to be
determined by users in TLOE. In the third step, MDS on D,
is in O(n®) time. To deal with N new observations, LMDS
takes O(n2N) time. The space complexity of TLOE is only
O(n?) to store D,,.

Based on the above analysis, if the number of landmarks
n is much smaller that the number of data points N, TLOE
reduces much of the computational and space complexity.

IV. EXPERIMENTS

In this section, we present the results of TLOE on three data
sets compared with three L-Isomap methods (with landmarks
by random, maxmin and kmeans separately). The three data
sets are Swiss roll, Swiss roll with noise and Mnist. On Swiss
roll and Swiss roll with noise, we visualize the embedded 2D
coordinates to compare the four methods intuitively. On Mnist,
classification tasks are executed to compare those methods
quantitatively. Note that L-Isomap methods are not out-of-
sample methods, thus they are not capable of dealing with test
data in classification tasks. All experiments are implemented
in MATLAB R2010a on a PC with 3GB memory.

A. Visualization on Swiss Roll

1) Methodology: We designed three sets of experiments on
this data set to compare the above methods comprehensively.
In the first set of experiments, the data set contains only 8000
data points of Swiss Roll. After that, we conduct the second set
of experiments by expanding the size of data set to 15000 and
visualize the results. In the third set of experiments, we use
TLOE to embed 5000 new data points. The embedding is based
on the landmarks and their neighborhood relationships from
the second set of experiments. It aims to show the capability
of TLOE to deal with new observations. L-Isomap methods
are unable to address new observations, since they need to add
them to the whole data set and rebuild the knn graph. In the
following experiments, if not stated explicitly, the number of
neighbor £ is set to 7 in L-Isomap methods. To be fair, the
number of landmarks is set the same in all the four methods.

Method Training Set (15000) Test Set (5000)

Training Set (8000)

Random L-Isomap out-of-memory —

out-of-memory —

Maxmin L-Isomap

s

Kmeans L-Isomap out-of-memory —

TLOE
TABLE L.

VISUALIZATION RESULTS ON SWISS ROLL



2) Results: The first column of Table 1 reveals that in
the small-scale noise-free data set, TLOE still preserves the
basic topology of the manifold. Consider that TLOE utilizes
the landmarks and their connections only, while L-Isomap
methods build knn graph on the whole data set. The loss of
precision by TLOE is inevitable and acceptable.

When the data set contains 15000 data points, L-Isomap
methods return out-of-memory errors due to the O(N?) space
to store D. However, TLOE works properly and returns a
satisfying result.

Based on the result of the second set of experiments, we
add 5000 new data points to be embedded. L-Isomap methods
is not capable of dealing with new data points. While TLOE
produces an excellent result by embedding new data points.

There is a noteworthy phenomenon that the embedded data
points by TLOE consist of small clusters. They distributed
sparsely on low-dimensional space. One plausible explanation
is that all landmarks form a Voronoi partition in the high-
dimensional space. For all data points in the certain Voronoi
cell V;, their relative location information is ignored. The only
difference between them is their distance difference to L.
Therefore, all data points in V; will be mapped around the
embedding result of L; and form a cluster. The number of
clusters is exactly the number of landmarks.

B. Visualization on Swiss Roll with Noise

1) Methodology: 1t is known that Isomap algorithm is
vulnerable to short—circuit errors if noise in the data moves the
points slightly off the manifold [4]. We want to test whether
L-Isomap methods and TLOE will be affected by noise. We
add gaussian noise to the Swiss roll and conduct the three
same sets of experiments as last subsection.

Method Training Set (8000)

.

Training Set (15000) Test Set (5000)

Random L-Isomap out-of-memory —

Maxmin L-Isomap out-of-memory —

Kmeans L-Isomap out-of-memory —

TLOE
TABLE II.

VISUALIZATION RESULTS ON SWISS ROLL WITH NOISE

2) Results: We can see from Table 2 that in small-scale
data set with noise, L-Isomap methods are severely affected.
Noise points connect distant data points wrongly and cause
unacceptable short—circuit errors. When the data set becomes
large, L-Isomap methods return out-of-memory errors. Fur-
thermore, L-Isomap is unable to address new data points. On
the contrary, TLOE outperforms its counterparts in reducing
the short—circuit errors in the noise environment, regardless
of the scale of the data set. For new data points, TLOE still

preserves the basic topology of the manifold without retraining
the whole data set.

C. Classification on Mnist

1) Methodology: The Mnist data set is formed by hand-
written digits with 400 dimensions. We map them onto the
5-dimensional space and then execute the classification tasks.
In the first set of experiments, the data set contains 5000 data
points. L-Isomap methods and TLOE embed them separately
to get their 5-dimensional coordinates. We run 10-fold cross
validation 100 times on each of the results and get the average
misclassification rates. In the second set of experiments, we
expand the data set to contain 10000 data points and conduct
the same experiments as the first set of experiments. In the third
set of experiments, the training set is the embedded results
by TLOE in last set of experiments, and the test set is the
embedded results of 5000 new data points by TLOE. We use
the 1-nearest-neighbor classifier and conduct the classification
task. The experiments also repeat 100 times and we get the
average misclassification rate.

TABLE IIL AVERAGE MISCLASSIFICATION RATE ON MNIST
Method Training Set Training Set Test Set (5000)
(5000) (10000)

Random 0.1676 out-of-memory —
L-Isomap

Maxmin 0.1650 out-of-memory —
L-Isomap

Kmeans 0.1633 out-of-memory —
L-Isomap

TLOE 0.1596 0.1419 0.1924

2) Results: Table 3 reveals that in small-scale data set,
TLOE outperforms L-Isomap methods in classification tasks.
When dealing with large-scale data set, L-Isomap methods
return out-of-memory errors but TLOE returns a satisfying
classification result. Most importantly, TLOE is able to embed
new observations onto a low-dimensional space and classify
the results with an acceptable accuracy.

There is a notable phenomenon that misclassification rate
becomes lower as the training set becomes large. The reason
is that on a given manifold M, more training data points help
to reveal the true topology and structure of M. Therefore,
the topology preserving graph G is able to determine the
landmarks and their connections more precisely. The results
also reveals that the classification accuracy on test set is
lower than on training set. One potential cause is that new
observations may be off the learned manifold M slightly, but
the selected landmarks did not adapt to the topology change.
Solution to that problem will be our future work.

V. CONCLUSION AND FUTURE WORK

In this paper, we propose a new manifold learning method.
It uses competitive Hebbian rule to address the landmarks
selection and neighborhood determination problems. It reduces
much of the computational and space complexity compared
with Isomap and L-Isomap methods. Furthermore, it estimates
the similarities between new observations and landmarks to
realize out-of-sample embedding for new observations.

Our future work will be the incremental learning problem.
The topology of the manifold may change as new observations



come. However, current out-of-sample methods are unable to
adapt to that change. We want to deal with that problem and
extend manifold learning to obtain incremental learning ability.
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